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Abstract

Shared input to a population of neurons induces noise correlations, which can decrease the
information carried by a population activity. Inhibitory feedback in recurrent neural networks
can reduce the noise correlations and thus increase the information carried by the popula-
tion activity. However, the activity of inhibitory neurons is costly. This inhibitory feedback
decreases the gain of the population. Thus, depolarization of its neurons requires stronger
excitatory synaptic input, which is associated with higher ATP consumption. Given that the
goal of neural populations is to transmit as much information as possible at minimal meta-
bolic costs, it is unclear whether the increased information transmission reliability provided
by inhibitory feedback compensates for the additional costs. We analyze this problemin a
network of leaky integrate-and-fire neurons receiving correlated input. By maximizing
mutual information with metabolic cost constraints, we show that there is an optimal strength
of recurrent connections in the network, which maximizes the value of mutual information-
per-cost. For higher values of input correlation, the mutual information-per-cost is higher for
recurrent networks with inhibitory feedback compared to feedforward networks without any
inhibitory neurons. Our results, therefore, show that the optimal synaptic strength of a recur-
rent network can be inferred from metabolically efficient coding arguments and that decorre-
lation of the input by inhibitory feedback compensates for the associated increased
metabolic costs.

Author summary

Information processing in neurons is mediated by electrical activity through ionic cur-
rents. To reach homeostasis, neurons must actively work to reverse these ionic currents.
This process consumes energy in the form of ATP. Typically the more energy the neuron
can use, the more information it can transmit. It is generally assumed that due to evolu-
tionary pressures, neurons evolved to process and transmit information efficiently at high
rates but also at low costs. Many studies have addressed this balance between transmitted
information and metabolic costs for the activity of single neurons. However, information
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1 Introduction

The efficient coding hypothesis poses that neurons evolved due to evolutionary pressure to
transmit information as efficiently as possible [1]. Moreover, the brain has only a limited
energy budget, and neural activity is costly [2, 3]. The metabolic expense associated with neural
activity should, therefore, be considered, and neural systems likely work in an information-
metabolically efficient manner, balancing the trade-off between transmitted information and
the cost of the neural activity [4, 5, 6, 7, 8].

The principles of information-metabolically efficient coding have been successfully applied
to study the importance of the excitation-inhibition balance in neural systems. It has been
shown that the mutual information between input and output per unit of cost for a single neu-
ron is higher if the excitatory and inhibitory synaptic currents to the neuron are approximately
equal if the source of noise lies in the stochastic nature of the voltage-gated Na* and K" chan-
nels [9]. In a rate coding scheme, where the source of noise lies in the random arrival of pre-
synaptic action potentials, the mutual information per unit of cost has been shown to be rather
unaffected by the increase of pre-synaptic inhibition associated with an excitatory input [10].

However, the balance of excitation and inhibition is likely to be more important in the con-
text of recurrent neural networks than in the context of single neurons. In recurrent neural
networks, the inhibitory input to neurons associated with a stimulus [11] arises as inhibitory
feedback from a population of inhibitory neurons. The inhibitory feedback prevents a self-
induced synchronization of the neural activity [12] and reduces noise correlations (correla-
tions between neurons calculated across trials of the same stimulus) induced by shared input
to neurons in the population [13, 14, 15]. If noise correlations have the same sign as signal cor-
relations (correlations between neurons calculated across different stimuli), then noise correla-
tions are detrimental to information transmission by neural populations [16, 17, 18].
Information is likely transmitted by the activity of a population of neurons instead of a single
neuron [19], therefore, when studying the effect of excitation-inhibition balance on informa-
tion transmission, it is essential to consider the context of neural populations. In the case of a
population of neurons tuned to the same stimulus, positive noise correlations decrease the
information content in the population.

Several studies have analyzed the effect of noise correlations on information transmission
properties [16, 17, 20]. However, these studies did not analyze the relationship between the
noise correlations and the metabolic cost of neural activity. In our work, we consider a compu-
tational model of a small part of the sensory cortex and the noise correlations caused by shared
connections from an external thalamic population. The noise correlations may then be
reduced by inhibitory feedback, which, however, increases the cost of the neural activity [10].
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Our point of interest is the trade-off between improved information transmission due to lower
noise correlations and the increase in metabolic costs due to stronger inhibitory feedback.

2 Results
2.1 Constrained information maximization in a simple linear model

In order to gain an insight into what affects the information-metabolic efficiency of a neural
population, we first solve the problem for a simple linear system. The mean response of the
system is given by ¥(Aext) = ghexr Where Ay is the stimulus and g is the gain of the system. We
measure the trial-to-trial variability of the response with the Fano factor, defined as

_ Var[N]
- EN]

FF (1)
where N is a random variable representing the response # of the network to some stimulus. In
this section, we assume the Fano factor to be constant, and we assume that the output is con-
tinuous and normally distributed. Therefore, the input-output relationship is described by the
conditional probability

JC I p— ! (g”) @)
n =———exp |—= [ —=== .

et 2gh. FF P12 Ugh, FF
We assume that the cost of the activity w(A.x) depends linearly on the input:

W(x‘ext) = W())\‘

W,
ext + WO = Euy(y\‘ext) + WO7 (3)
where Wy is the cost of the resting state.
We treat the input A.,; as a random variable A with probability distribution function p
(Aext). We can then calculate the average metabolic cost as

max
)”ext

Wp = Jmin p(y\’ext)w(xext) dkext' (4)

The mutual information between the input and the output I(A; N) is calculated as

I(A; N) = ) P(Mxt)i(?‘ext? N) dxext’ (5)

0 N) = 3100}, ), (6)
e [l

(xext’ ) 1 g2 qp(n) ) (7)

g(m) = [ pO () di, (8)

where f(#1|Aex) is the probability distribution function of N given that A = Aeyp, P(Aexy) is the
input probability distribution, i(Aexs; 1) is the amount of information that an observation of n
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spikes gives us about the stimulus Aex, i(Aexss N) is then the average amount of information we
get from the input Acy,, g,(1) is the marginal output probability distribution.
The capacity-cost function C(W) is the lowest upper bound on the amount of mutual infor-
mation (in bits) achievable given the constraint that W, < W:
C(W)= sup I(A;N). 9)

P()‘ext>:wp<w

The information-metabolic efficiency E is then the maximal amount of mutual information
per molecule of ATP between the input and the output:

g W) (10)
W*
c(w
W* = arg max (—) (11)
We0,400) w

The capacity-cost function can be obtained numerically with the Blahut-Arimoto algorithm
[21]. The information-metabolic efficiency can be conveniently obtained directly with the
Jimbo-Kunisawa algorithm [22, 23]. However, if the Fano factor is very small, a lower bound
on the capacity-cost function can be found analytically [24, 25]. In the low noise approxima-
tion, the optimal input distribution maximizing the mutual information constrained by meta-
bolic expenses W is given by

PO = )0 exp [, 1= w0 (12)

where J(Aey) is the Fisher information and A; and A,y are the Lagrange multipliers which can
be obtained from the normalization condition:

max
kext

PR W(hey) dhg (13)

ey
and the average metabolic cost constraint (Eq 4). In the second-moment approximation [26,
27], the Fisher information is given by

:u/ (kext)2

M) = ,
]( em) O‘exc(x’ex‘)Q

(14)

where p(ey) is the mean response to the external input Aey, ¢ (Aexy) is the derivative, and
Oexc(Aext) is the standard deviation of the spike counts at input intensity A,.. The low noise esti-
mate on the capacity-cost function is then

G

low

(W) =1— %, +h,W. (15)

the information-metabolic efficiency can be conveniently obtained directly with the Jimbo-
Kunisawa algorithm [22, 23].
In the case of our simple linear system the Fisher information (Eq 14) is

](kext) = %7 (16)

ext
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and the probability distribution derived from the low-noise approximation (Eq 12) is then

1
POhd) = ([ gm0 (= 1= Ry exp(—, W,). (17)

After applying the normalization conditions (Eqs 4 and 13) and using Eq (15) we obtain the
lower bound on the capacity-cost function:

(W) = 5 Tog | (W = W) ] (18)

w,, FF|’

Wap = (19)

where wap is the cost of increasing the output intensity by one action potential.

The gain g, cost scaling wy, and Fano factor FF cannot be considered constant for real neu-
ral populations. However, Eq (18) provides an insight into the importance of these properties,
which we will study numerically for a more realistic neural system.

In the following, we use

8 =t (M), (20)
Wy = W (heg)- (21)

Next, we analyze the information-metabolic efficiency of a recurrent spiking neural net-
work, consisting of 800 excitatory and 200 inhibitory neurons. This network may represent a
small area in the cortex, tuned to the same external stimulus, such as approximately a sphere of
a 145 um radius in the rat barrel cortex, which comprises only a small fraction of a single barrel
[28, 29]. In such case, the external input is the input from a single barreloid in the thalamus.
We assume that the role of this subnetwork is to process information about the stimulus inten-
sity. We analyze the information-metabolic efficiency in two extreme cases of the readout of
the network. First, we assume that the output of the network is read out as the summed rate of
all the neurons in the network, and second, we assume that the brain acts as an efficient unbi-
ased decoder with access to the rate of each neuron. In each case, we calculate the rate of each
neuron as the number of fired spikes in a time window AT =1s.

2.2 Inhibitory feedback decorrelates the neural activity

In our model, 1000 external neurons randomly connect to the excitatory and inhibitory sub-
populations with a connection probability Py (Fig 1). Increasing P.y increases the mean pair-
wise correlation between the rates of the neurons in the network (feedforward network, Fig
1B). These correlations could be removed by recurrent connections. Initially, we set the excit-
atory recurrent synaptic amplitude as g, = 0.01 nS to create a small perturbation from the
feedforward network and varied the scaling o determining the amplitude of inhibitory synap-
ses (Ginh = Qdexc) from 15 to 25, which leads to the amplitude of inhibitory post-synaptic poten-
tials being sever-fold (approximately 2x to 8x, depending on « and on the memory potential)
larger than the excitatory post-synaptic potentials, as commonly chosen in network modelling
[30, 31, 32, 29]. Correlations between neurons were decreased for & > 20 (Fig 1C), which was
also associated with stronger negative net current from the recurrent synapses (Fig 1D). For
the network considered further in our work we set o = 20. Simultaneously increasing the
strength of the recurrent synapses with fixed o led to a further decrease of the correlations
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Fig 1. Inhibitory feedback decreases noise correlations. A: Schematic illustration of the simulated neural network. Poisson neurons in the external
population make random connections to neurons in the excitatory and inhibitory subpopulations. The connection probability Py, € [0.01, 1] is varied
to achieve different levels of shared external input to the neurons. The neurons in the inhibitory (inh.) and excitatory (exc.) subpopulations make
recurrent connections (exc. to exc., exc. to inh., inh. to inh., inh. to exc.) with probability P,.. = 0.2. The strength of those connections is parametrized
by ayec. B: Mean pairwise correlations between any two neurons in the exc. and inh. subpopulations plotted against the mean output of the network for
different values of P, in a feedforward network (a,.. = 0 nS). Pairwise correlations are calculated from the number of spikes each neuron fires in a time
window AT = 1 s across many trials of the simulation. The plot is vertically separated into two parts to also illustrate the smaller differences at lower
values of Pey. C: Mean pairwise correlations as in B, for different values of o (ratio of inhibitory-to-excitatory synaptic strength), a,ec = 0.01 nS. The
black line represents the pairwise correlations in a feedforward network without any recurrent connections (d,ec = 0). D: Total current from recurrent
synapses for different values of ¢, as in C. E-F: Same as in C-D, but with fixed a = 20 and different values of a,.

https://doi.org/10.1371/journal.pcbi.1011896.9001

among the neurons (Fig 1E) while further decreasing the net current from the recurrent synap-
ses (Fig 1F).

2.3 Fano factor of single neurons vs. a population

In an inhibition-dominated network, the input needed from the external population in order
to evoke a given average firing rate has to be higher than in the case of the feedforward net-
work. The resulting increase in synaptic noise leads to higher Fano factor in the LIF model
(Fig 2A, 2B and 2C; see also [33]).

If we assume that the downstream areas decode the stimulus intensity from the summed
activity of the network, we need to look at the Fano factor of the summed activity, that is, ratio
of variance of the sum to the mean of the sum across the trials of duration AT = 1 s. In the case
of the total population activity, however, the pairwise correlations between the neurons have a
significant effect on the Fano factor. By denoting the random variable representing the number
of spikes of the i- th neuron observed during time window AT as N;, we get for the Fano factor
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Fig 2. Fano factor of single neurons and of populations. A-C: Mean Fano factor of individual neurons for different values of Pey: 0.01 (A), 0.2 (B), 1
(C). The strength of the recurrent synapses (ay..) is color-coded. The mean Fano factor increases with the strength of the recurrent synapses. D-F: Same
as in A-C but for the Fano factor of the population activity. The points represent the population Fano factor obtained from the simulation, and the lines
are a weighted 7th-degree polynomial, used only as a visual aid. For Py = 0.01, the increase in Fano factor of individual neurons (A) can have a
stronger effect on the population Fano factor than decreasing the pairwise correlations, resulting in an increase of the population Fano factor with high
values of d,.. (D). For higher values of Py, the pairwise correlations greatly increase the population Fano factor, which then decreases with increasing

Orec-

https://doi.org/10.1371/journal.pcbi.1011896.g002

of the population activity:

o Var(Zz‘Ni)

FF =~ i i) (22)

E[} N

_ SVar(N) | 2%, Cov(N,,N)

SSEN] T SEN (23)
_ Zivar(Ni) 22i<j COV(N!" NJ)

= S EN] Q ZNMM)) (24)

= (1+ (-1 (25)

~ FF,(1 + kr) (26)

where c is the mean pairwise covariance, v the mean variance of a neuron, y is the mean num-
ber of spikes in AT, ny, is the number of neurons, and r is the Pearson correlation coefficient.
The last approximation holds for neurons with identical variances and pairwise covariances
[16]. It provides an insight into how the pairwise correlations and Fano factor of individual
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neurons affect the Fano factor of the total activity. If the correlations or number of neurons are
small (r - nor < 1), the decorrelation by strengthening the recurrent synapses does not signifi-
cantly decrease the population Fano factor. Instead, the population Fano factor may increase
due to the increase of the Fano factor of individual neurons (Fig 2D, P, = 0.01). If greater cor-
relations are induced due to the shared input to the network, the correlations have a dominat-
ing effect on the population Fano factor, which can then be greatly decreased by strengthening
the recurrent synapses and in turn decreasing the pairwise correlations (Fig 2E and 2F).

2.4 Inhibitory feedback is metabolically costly

2.4.1 Stronger recurrence strength increases the cost of the resting state. We calculated
the cost of the activity by summing the cost of action potentials from the excitatory, inhibitory,
and external subpopulations, and the cost of excitatory synaptic currents in the excitatory and
inhibitory subpopulations. These excitatory currents may be evoked by action potentials from
the external or excitatory subpopulations, or from the background input. We did not consider
the cost of synaptic currents evoked in neurons not involved in our simulation. We assume
that such synaptic currents would be part of the background activity of a different area. There-
fore, if we included these costs and considered multiple cortical areas, we would have included
the background activity cost multiple times. We also did not include the cost of synaptic cur-
rents in the external population.

The cost of the resting state is an important factor for information-metabolic efficiency
[10]. In our network, increasing the recurrence strength decreased the spontaneous activity of
the neurons, due to inhibition dominating the recurrent currents. However, the simultaneous
increase in the strength of the recurrent excitatory synapses increased the cost of the excitatory
synaptic currents (Fig 3A, 3B and 3C), because the spontaneous action potentials from the
excitatory subpopulation evoke stronger excitatory post-synaptic currents.

2.4.2 Inhibitory feedback decreases gain. Because the net current from recurrent synap-
ses is hyperpolarizing, with stronger recurrent synapses, a stronger excitatory current is neces-
sary to bring the neuron to a given post-synaptic firing rate, and higher pre-synaptic firing
rates are necessary. Therefore, the gain g of the network decreases, and with increasing a,.. the
cost of synaptic currents and the cost of external activity increase (Fig 3D and 3E).

2.5 Shared input decreases gain

The number of synapses from the external population for each neuron in the excitatory and
inhibitory subpopulations follows a binomial distribution:

p(k) = ()P (1= Py, (27)

with the mean number of synapses given by #1ey, - Pex; and variance ey - Pex(1 — Peyy). We
scaled the firing rate of the individual neurons in the external population as A_ . = %
Therefore the mean output to a single neuron was always Ay, independently of P, and the
T

variance of the input across neurons was A,

Given the convexity of the single neuron tuning curve in the analyzed input range (S1 Fig)
that out of two inputs with an identical mean Ay, but different variances across neurons, the
input with the higher variance will lead to a higher average firing rate. Assuming that the input
across neurons follows a normal distribution with mean Ao, and variance o” and that the single
neuron tuning curve can be approximated by an exponential function in the form of ¢; exp
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Fig 3. Metabolic cost of the network activity. A-C: Cost at resting state (A, = 0). A: Cost of the excitatory synaptic currents from the background
input (Eq 35) and excitatory action potentials evoked by the background input. B: Cost of the action potentials (both excitatory and inhibitory) evoked
by the background input. C: Total resting cost obtained by summing A and B. D: The total cost of the network activity is plotted against the output of
the network (the total post-synaptic firing rate). Filled areas represent individual contributions of each cost component: cost of action potentials from
the external population, cost of the excitatory synaptic currents, and cost of the post-synaptic (evoked) action potentials. As P, increases, the
contribution of external action potentials to the overall cost decreases. With increasing a,.., the contribution of excitatory synaptic currents increases. E:
The cost of increasing the mean input by one action potential (wap, Eq 19) is significantly lower for higher P.,. However, although the difference
between Py = 0.01 and Py, = 0.2 is approximately 10-fold, the difference between Py = 0.2 and Py = 1 is only approximately 2-fold, as the cost of the
external population starts to contribute less to the overall cost.

https://doi.org/10.1371/journal.pchi.1011896.9003

(cpx), where x is the input intensity to the single neuron, we obtain the mean firing rate:

~ OV2T

- exp —M ¢, exp(c,x) = a exp (& (c,0* — 2 )) (28)
~ 262 1 2 2 2 2 ext ’

which grows with the standard deviation of the input.

Accordingly, we observed that networks with higher P, needed higher A, in order to pro-
duce the same mean PSFR as networks with lower Py (Fig 4A, 4B and 4C), which translates to
lower gain with higher P, (Fig 4D, 4E and 4F). Moreover, the mean Fano factor of individual
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Fig 4. Shared input decreases the gain and increases the individual Fano factor. A-C: The input intensity A., needed to evoke a given firing rate (x-axis)
with different connection probabilities P,y relative to the input intensity for Pey, = 0.01. A: ayec = 0 1S, B: gy = 0.2 11S, C: g = 1 nS. For higher Py, higher
values of Ay are needed to achieve the same post-synaptic firing rates as with lower values of P.y. This effect becomes more pronounced in stronger
recurrent synapses (E-F). D-F: Gain of the network (Eq 20). A higher P, leads to a lower gain of the population activity. G-I: Higher values of Py, also
increase the Fano factor of individual neurons.

https://doi.org/10.1371/journal.pcbi.1011896.9004

neurons increased with increasing P, (Fig 4G, 4H and 4I). This effect could be mostly
removed by fixing the number of connections from the external population to each neuron in
the excitatory and inhibitory populations to Pey ey (S2 Fig).

2.6 Optimal regimes for metabolically efficient information transmission

We illustrated that the recurrence strength 1) increases the metabolic cost of the neural activity
and 2) decreases the population Fano factor by decreasing the correlations between the neu-
rons. Similarly, the increased probability of a synapse from an external population (Pey)
decreases the cost of the neural activity but increases the noise correlations. The increased
noise correlations then result in higher Fano factor (Eq 26). To find the balance between the
cost of the network activity (Eq 4) and the mutual information between the input and the
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output (Eq 5), we calculated the information-metabolic efficiency, which maximizes the ratio
of the mutual information to the cost of the network activity (Eq 10).

For low values of P, (< 0.1), increasing the strength of the recurrent input did not lead to
an increase in the information-metabolic efficiency. For higher values of P,y the information-
metabolic efficiency was maximized for a,.. between 0.1 nS and 0.5 nS (Fig 5A and 5B), mean-
ing that the strength of the recurrent excitatory synapses was 2x to 5x lower that the strength
of the synapses from the external population.

Moreover, varying P, had a significant effect on the information-metabolic efficiency
across all values of a,... Namely, low values of P.,; resulted in lower values of information-met-
abolic efficiency across all values of a,.., showing that shared input from the external popula-
tion is beneficial for metabolically efficient information transmission. Overall, the highest
values of information-metabolic efficiency (E > 2bit/ 10'% ATP) were reached for a,.. between
0.05 nS and 0.5 nS and P, between 0.2 and 1 (Fig 5B).

We analyzed the effect of the resting cost (Fig 3A, 3B and 3C) by setting the resting cost in
all cases equal to Wy, the resting cost of the feedforward network. This did not have a signifi-
cant effect on the information-metabolic efficiencies (S3 Fig).

Neural circuits might not necessarily maximize the ratio of information to cost. Instead,
neurons and neural circuits could modulate their properties to maximize information trans-
mission with the available energy resources [5]. For example, neurons in the mouse visual cor-
tex have been shown to decrease the conductance of their synaptic channels after food
restriction [35].

Accordingly, we studied how the optimal strength of recurrent synapses changes with the
available resources. We calculated the optimal value of a,. for different values of available
resources (3, 4,5, 6,7, 8, 10, 12, 15, 20, 30, and 40 x 10'*> ATP). In Fig 5C, 5D, 5E, 5F, 5G and
5H, we plotted C(W; a,..), the capacity-cost function (Eq 9) extended by one dimension with
rec- For each cost W, the optimal a,.. is highlighted, and the corresponding contour of C(W)
is shown (see Table 1 for the values of C(W)). With decreasing W, the optimal value of a,. typ-
ically decreases. This effect is more robust with high values of Py, because the contours are
more curved at the optimum.

We calculated the extended capacity-cost functions using input distributions obtained from
the low-noise approximation. To verify that the low noise approximation applies in the case of
the studied system, we compared these results to the information-metabolic efficiency
obtained with the Jimbo-Kunisawa algorithm. The relative difference did not exceed 10% and
did not have a significant impact on the information-metabolic efficiency heatmap structure
(S4 Fig).

2.7 Limits of efficient information transmission by the population activity

So far we have assumed that the information about the stimulus is transmitted by the total
activity of the network. Such analysis provides us with important insights, however, such sim-
plistic decoding might not necessarily occur in the brain. To explore the limits of decoding the
input intensity from the population activity, we assert that the brain can perform optimal unbi-
ased decoding of the stimulus, i.e., for each stimulus Ay, it holds for the estimation of the
input A that

E[A] = A

ext?
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Fig 5. Information transmission with cost constraints. A: Information-metabolic efficiency E (Eq 10) for different values of recurrence strength dye..
P,y is color-coded. B: Contour plot of the information-metabolic efficiency. Contours are at 0.75, 1.0, 1.25, 1.5, 1.75, 2.0, and 2.25 bits/s. C-H: Contour
plots showing the capacity-cost function C(W) (Eq 9) with dependence on the recurrence strength g, for different values of Pey. The contours show
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calculated using piece-wise cubic 2D interpolation (SciPy interpolator CloughTocher2DInterpolator [34]) from the grid calculated with Py, values
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https://doi.org/10.1371/journal.pcbi.1011896.9005
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Table 1. Capacity-cost function values (in bits).

P\ W(10'> ATP) 2 3 4 5 6 7 10 12 15
0.02 2.71 3.55 4.06 4.43 4.71 4.93 5.12 5.40 561 5.83
0.05 3.50 426 4.69 4.99 5.20 5.36 5.48 5.66 5.79 5.89
0.10 3.83 4.49 4.85 5.09 5.27 5.42 5.53 5.68 5.77 5.87
0.20 3.97 4,54 4.87 5.10 5.27 5.41 5.51 5.67 5.78 5.86
0.50 3.90 4.45 478 5.01 5.18 5.31 5.41 5.56 5.64 5.67
1.00 3.78 432 4.64 4.87 5.03 5.16 5.27 5.40 5.46 5.50

https://doi.org/10.1371/journal.pcbi.1011896.t001

N = w
o ] o
1 ! 1

=
w
1

info.-metab. efficiency (bits/1012ATP)

=
o
1

where the second equation corresponds to an estimator which saturates the Cramér-Rao
bound, and J,op(Aex) is the Fisher information about the stimulus from the population activity.

If we assume that A is distributed normally, we may then write the conditional probability dis-
tribution function as:

) = ey |52 0~ A7, (1)

obtaining a noisy identity channel with the noise given by the Cramér-Rao bound.

To reduce the effect of sampling bias, we estimated J,op, from the first 500 principal compo-
nents of the output and employed a bias correction (see section 4.4 for details). Increasing the
strength of recurrent connections (a,..) increased the information metabolic efficiency of the
network (Fig 6). The increase was more pronounced with higher values of P.,, and overall was
the highest for Pey; = 0.8 and Py = 1. In this sense, the results remain qualitatively very similar
to the information-metabolic efficiency calculated from the summed activity (Fig 5). Interest-
ingly, however, our results indicate that when using information from the entire population,
not only the summed activity, the noise correlations introduced by the shared input are less
detrimental, and P,y = 1 reaches the highest or close to highest values of the information-met-
abolic efficiency.
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Fig 6. Information-metabolic efficiency with multi-dimensional output. A: Information-metabolic efficiency E (Eq 10) for different values of
recurrence strength ... Pey, is color-coded. B: Contour plot of the information-metabolic efficiency. Contours are at 1, 1.25, 1.5, 1.75, 2, 2.25, 2.5,
and 2.75 bits/s.

https://doi.org/10.1371/journal.pcbi.1011896.g006
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3 Discussion

Information in the brain is likely transmitted by neuronal populations instead of single neu-
rons [19]. One of the benefits is that by considering the signal from many neurons, it is possi-
ble to decrease the noise inherent to rate coding spiking neurons, and thus increase the
information carried by the system. The information increase is however influenced by correla-
tions between the neurons and their structure. In this work, we investigated a situation where
a population of neurons tuned to the same stimulus transmits information about the stimulus
intensity. In this case, positive noise correlations decrease the information carried by the
population.

We parameterized the shared input with the probability of connection from the external
population P, Higher P.,, means that the firing rate of neurons in the external population
can be lower to maintain the same mean input to the information-transmitting population.
This way, the shared input, while increasing the noise correlations, decreases the metabolic
cost of the activity. In the studied system, we could mitigate the noise correlations by strength-
ening the recurrent connections and thus increasing the inhibitory feedback. However, to
excite a population with inhibitory feedback requires stronger input than to excite a popula-
tion without inhibitory feedback, and therefore, strengthening the recurrent connection
increased the cost of the activity.

In our work, we studied the balance between increasing the transmitted information by
decreasing the noise correlations and the associated increase in the cost of the activity. We
showed that in a linear system, if the Fano factor of the population activity and the ratio $ (g

is the gain of the system, or slope of the stimulus-response curve, w; is the slope of the stimu-
lus-cost curve) remain constant, the cost-constrained capacity will remain constant as well.

We proceeded to calculate the stimulus-response relationship and the metabolic cost for a
more biologically realistic neural system. In the studied system, the population Fano factor
could not be considered constant. Instead, correlations between neurons increased with the
mean output of the system, and the mean Fano factor of single neurons was also dependent on
the mean output of the system, leading to complex dependence of the population Fano factor
on the mean output of the system (Fig 2D, 2E and 2F). We found that despite increasing the
noise correlations, the shared input helps with information-metabolically efficient information
transmission. This was further accented if the noise correlations are decreased by the increase
in the inhibitory feedback. Increasing the recurrence strength could lead to a 10% to 15%
increase in the information-metabolic efficiency. The magnitude of the increase was depen-
dent on the cost of the action potentials. If the cost of synaptic currents is negligible compared
to the cost of the action potentials, there would be a higher benefit in increasing the inhibitory
feedback since the increases in the cost of the synaptic current could also be neglected.

We illustrated the effect of inhibition-dominated recurrence and shared input on the meta-
bolic cost of neural activity. An increased strength of recurrence increased the cost of excit-
atory synaptic currents due to the stronger excitatory synapses and stronger input from the
external population, as well as the cost of the activity of the external population. A higher con-
nection probability from the external population (higher shared input probability) led to a
decrease in the external population activity cost, as the overall activity of the external popula-
tion could be lower to result in the same mean input to the post-synaptic neurons. On the
other hand, due to less variable input to single neurons with high values of Py, a higher mean
input was required across all neurons to evoke the same mean post-synaptic activity.

In our model of the cortical area, we considered two neural subpopulations: excitatory and
inhibitory. Each subpopulation was homogeneous, but we set the threshold of the inhibitory
neurons lower to mimic the behavior of fast-spiking inhibitory neurons. The difference
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between excitatory, regular spiking neurons and inhibitory, fast-spiking neurons is often
described not only by differences in the threshold but also in differences in the adaptation
properties [36, 37, 29]. In our case, we did not consider adaptation for simplicity because esti-
mating the information capacity of a neural system with adaptation is computationally consid-
erably more difficult [10].

In our work, we assumed that the neural circuit maximizes the mutual information between
the input and the output neurons while minimizing the cost of the neural activity. Such an
approach does not provide any information about how the information is encoded. It only cal-
culates the limit on the amount of information that can be reliably transmitted. Yet, the princi-
ples of mutual information maximization have proven very useful in explaining the properties
of neural systems. For example, the tuning curves of blowfly’s contrast-sensitive neurons are
adapted to the distribution of contrasts encountered in the natural environment [38]; the
power spectrum of distribution of odor in pheromone plumes follows the power spectrum pre-
dicted for an optimal input to olfactory receptor neurons [39]; distributions of post-synaptic
firing rates of single neurons during in-vivo recordings follow distributions predicted from
cost-constrained mutual information maximization [40, 41, 42].

By assuming a particular coding scheme, it is possible to place further constraints on the
complexity of information encoding, with the assumption that complex codes are not an effi-
cient way to transmit information [43, 44]. We did not attempt this in our study. However, it
would be interesting to study whether inhibitory feedback decreases or increases the encoding
complexity.

We have shown that a cortical area can adapt to the amount of available energy resources.
When resources are scarce, information transmission can be adapted by weakening the synap-
tic weights, thus expending fewer resources to reduce the noise correlations. Such a mecha-
nism is implemented in the mouse visual cortex [35]. Padamsey et al. [35] showed that in
food-restricted mice, the orientation tuning curves of individual orientation-sensitive neurons
in the visual cortex become broader due to weakened synaptic conductances. In our work, we
studied the properties of a neuronal population instead of single neurons. In particular, we
considered a population encoding the stimulus intensity instead of the stimulus identity, such
as orientation. An extension this model to a situation in which stimulus identity is encoded
and shared input is introduced due to the overlap of receptive fields would be interesting.

Neurons recorded in-vivo typically exhibit a Fano factor close to 1.0 and constant over a
broad range of post-synaptic firing rates [45, 46, 19]. In the optimal regimes with stronger
recurrent synapses, the Fano factor decreased only very slowly over the studied range of post-
synaptic firing rates (up to 30 Hz in a single neuron). With weaker synaptic strengths, the
Fano factor of a single neuron decreases rapidly with an increasing post-synaptic firing rate.
Our model predicts that fewer available resources would lead to weaker recurrent synapses.
This hypothesis is straightforward to test by calculating the Fano factors during stimulus pre-
sentation (both population and single neuron) in food-restricted animals and comparing them
to controls. We expect that the population Fano factor will increase (alternatively, the noise
correlations will increase) with food scarcity, and single neuron Fano factors will decrease.

4 Methods
4.1 Network model

We modeled a network consisting of three subpopulations: external (ext), excitatory (exc), and

inhibitory (inh). The external subpopulation consisted of Poisson neurons, defined by their fir-

ing intensity A, (same for all the neurons in the subpopulation). Neurons in the excitatory
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and inhibitory subpopulations were modeled as leaky integrate-and-fire (LIF) neurons:

v’

Cm d g (E - V’) + Ilt’ec(vl ) + I;xt( i’ t) + Ili)cg(viﬂ t)’ (32)
rec(V1 ) géxc(Ee - Vl) +giinh(Ei - Vi)’ (33)
Iéxt(vi’ t) = g;xt(Ee - Vi)? (34)
Iécg(vi7 t) = gé‘cg‘exc(Ee - Vl) +glicg‘inh(Ei - Vi)? (35)
dgext & )
exc dt - _gext + Z Z We]xt t_ t (36)
= et
d i ) Texc
Texe ﬁetxc = _g;xc Z W;ch t - t (37)
=1 teTexc
dgm inh ;
mh dth _gmh + Z Z mih t— t (38)
= erl
dgi . 2 .
cg.exc i i
Texe dt - (lubcg,exc - gbcg.exc) + Texco-bcg,exc ar,exc(t)’ (39)
dgbc inh i 2 .
Tinh di (lu'bcg inh gll)cg.inh) + Tinhabcg‘inh _rlinh(t) (40)
Tinh

ILec is the synaptic current arising from the recurrent connections (exc. to exc., exc. to inh.,
inh. to exc., inh. to inh.). I is the excitatory current from external neurons. Iy is the current

from synapses from neighboring cortex areas. 7”, 7 , 7 . represent the spike times of the j-

ext” © exc?

th external, excitatory, and inhibitory neuron respectively. The matrices Wy, Wexe, Winn con-
tain the synaptic connection strengths, Wy = a, (X € {ext, exc, inh}) if the j-th neuron con-
nects to the i-th neuron and 0 otherwise. The background (bcg) input from neighboring
cortical areas is modeled as the Ornstein-Uhlenbeck process with means pipeg exc and ppeg inh
and standard deviations of the limiting distributions op,cgexc and Opcginn [47, 48]. We set the
values of the background activity to match the moments of an exponential Poisson shot noise

with rates Apcg exe = 0.5 kHz and Aycginn = 0.125 kHz [49]:

By = axTyhy, (41)
A
oy = ay {;X, (42)

where X represents the excitatory or inhibitory background activity, leading to the ratio of

fg beginh __

inhibitory to excitatory conductance o 5, as observed in-vivo [48] and a spontaneous

Mbeg.exc

firing rate of about 0.5 Hz to 1 Hz.
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When the membrane potential V crosses the firing threshold (Oexc, 0in1) @ spike is fired and
the membrane potential is reset to E;.

The network consisted of 7., = 1000 neurons in the external population, #.,. = 800 neu-
rons in the excitatory population, and #;,;, = 200 neurons in the inhibitory population. The
connections were set randomly with connection probability for the recurrent connections
(exc. to exc., exc. to inh., inh. to inh., inh. to exc.) set to P, = 0.2 and the connection probabil-
ity from the external population (ext. to exc. and ext. to inh., P.,,) was varied from to 0.01 to 1
(Fig 1A). We created the connection matrices Wy by generating a matrix of random uniformly
distributed numbers Ry from the interval [0, 1) and set Wy, = a, if R, < P, or R} < P, for
X € {exc, inh}. The random matrix R, was the same for all values of P.,,. In simulations
where we controlled for the effects caused by a random number of connections from the exter-
nal population, we fixed the number of connections by setting only the k = 1., Pex; elements in
each row of W, non-zero, in the location of the k largest elements of the i-th row of Rey.

The simulations were carried out using the Brian 2 package [50] in Python with a 0.1 ms
time step. Used parameters are given in Table 2.

4.2 Obtaining the input-output relationship of the network

We considered the total number of action potentials # from the excitatory and inhibitory sub-
populations in time window AT = 1 s as the output of the network. We modeled the stimulus
as the input from the thalamic neurons, parametrized by the mean input rate to a single neu-
ron:

o 1

>\'ext = next ext P )
ext

(43)

AL is the input fir-

ext” “ext

where . is the firing rate of a single neuron in the external population, n

ing rate at Pey, = 1, and ;- is a scaling factor to keep the mean input same regardless of Pey.
ext
For each set of parameters (dye. and Pey pair) we determined the input A}, (a,.., P,,,) for

which the output reached 30 kHz. In order to obtain the input-output relationship, we discre-
tized the input space into 30 equidistant stimulus intensities: A, (@, Pey,) = = Ay (dyec, Poye)»

ext ext

Table 2. Parameters of the LIF model.

Membrane capacitance Cpn 150 pF
Leak conductance g 10 nS
Resting potential E; -80 mV
Exc. reversal potential E. 0mV
Inh. reversal potential E; -80 mV
Exc. synapse decay Texc 5 ms
Inh. synapse decay Tinh 5ms
Exc. threshold Oexc -55mV
Inh. threshold Oinh -60 mV
Ext. synapse amplitude Aext 1nS
Exc. synapse amplitude [ 0.01-1 nS
Inh. synapse amplitude Qinh g Gexc
Exc. inh. synapse amplitude Abegexc Aext
Bcg. inh. synapse amplitude Abeg,inh g dext
Inh. scaling factor o 20

https://doi.org/10.1371/journal.pchi.1011896.t002
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where i =0, .. ., 30. With a fixed network connectivity, we simulated the network 10800 times
foreach \_(a,.,P,,).

We discretized the input space to 1000 equidistant stimulus intensities and estimated the
mean output y(Aey) and variance 0*(heyy) for each intensity by linear interpolation from the
simulated data. We then estimated the input-output relationship, defined by the conditional
probability distribution f{n|A.) as a discretized normal distribution for each Ay, with corre-

sponding mean and variance:

o) = exp (- E =), (44

o ST w

4.3 Metabolic cost of neural activity

In our calculations, we focus on the energy in the form of ATP molecules required to pump
out Na* ions. We take into account the Na" influx due to excitatory post-synaptic currents,
Na" influx during action potentials, and Na* influx to maintain the resting potential. To this
end, we follow the calculations in [2] and [3], which we modify for our neuronal model.

We assume the standard membrane capacitance per area as c,, = 1 pF/cm” and the cell
diameter as D = 69 um, giving the total capacitance C,, = 7D’c,, = 150 pF. Therefore, to depo-
larize a neuron by AV = 100 mV the minimum charge influx is AVC,, = 1.5 x 10"'" C and the
minimum number of Na* ions % =9.375 x 107, where e = 1.6 x 107"? is the elementary
charge. The minimal number of Na* ions is then quadrupled to get a more realistic estimate of
the Na" influx due to the simultaneous opening of the K* channels [2]. The Na" influx must be
then pumped out by the Na*/K*-ATPase, which requires one ATP molecule per 3 Na* ions.
The cost of a single action potential can be then estimated as
3% 9.375 x 10" ATP = 1.25 x 10® ATP. However, about 75% of the metabolic costs associ-
ated with an action potential are expected to come from the propagation of the action potential
through the neuron’s axons [51, 2]. Therefore, we estimate the total cost as 5.0 x 10® ATP.

Next, we assume that the excitatory synaptic current is mediated by the opening of Na* and
K" channels with reversal potentials Fy, = 90 mV and Ex = —105 mV. For the excitatory synap-
tic current, the following must hold

(gexc +gext)(v_ Ee) :gNa(V_ENa) +gK(V_EK)7 (46)
gNa + gK = gext + gexc‘ (47)
Therefore:
V—-E
I, = &V — E) (48)

(gexc + gext)(v - Ee) .

The sodium entering with the sodium current Iy, must be pumped out by the Na*/K"-ATPase
and therefore we calculate the cost of the synaptic current as 3 I, AT ATP, where AT is the
time interval over which we are measuring the cost.
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Each input to the network (parametrized by A.y,) is then associated with a cost, which we
express as
1 N Jexe ) Iinh
)WAP ++ exc( Na>;nmh< Na>>AT, (49)
e

t
~ P ext

W(y\’ext) = ((Nexcluexc + ninhluinh + nextx

where pexc = fexc(Aext)> Hinh = Pinh(Aexe) are the mean firing rates of a single excitatory and
inhibitory neuron (given the input Aey), (I2<) = (I%)(A,,,) and (I") = (1) (),,,) are the
average excitatory synaptic currents in a single excitatory and inhibitory neuron.

4.4 Fisher information with multidimensional output

When we consider that the output of the network is either the full vector of firing rates, or its
low-dimensional projection, we can calculate the Fisher information as
ozt 621)
)

-/ - A 1 — —
Junlhen) = 1) 28 ) + 510 (22 F2

8)\‘ext 6)\‘ext (50)

where f(A.y) is the mean of the multidimensional response vector, Z(A.y) (dependence of =
was omitted for legibility) is the covariance matrix of the response components at input Ay,
and Tr stands for the Trace operator. The first term in the equation is analogous to the Fisher
information in one-dimensional case (Eq 14), while the second term indicates how much
information we gain about the stimulus from changes in the covariance matrix. In our case,
the second term was always very small compared to the first term.

We performed dimensionality reduction of the output across all stimuli by principal com-
ponent analysis and used the first 500 principal components. We used 500, because the
increase in information-metabolic efficiency for higher number of components is small, and
the sampling bias is still relatively small (S5 Fig). To deal with the remaining sampling bias we
calculated the information-metabolic efficiency with the Jimbo-Kunisawa for different num-
bers of trials and performed the quadratic extrapolation method to estimate the unbiased
information-metabolic efficiency [52, 53]. Overall, the results remain qualitatively very similar
to the information-metabolic efficiency calculated from the summed activity. However, we
found the increase in information-metabolic efficiency from using high-dimensional output is
the largest for higher values g, and Pey.

4.4.1 Correcting the sampling bias. In the case of a high-dimensional output, insufficient
number of trials may lead to perceived correlations in the data which are in fact not there, sub-
sequently increasing the calculated mutual information [54, 52, 55, 56, 53]. To decrease the
sampling bias, we first performed principal component analysis to decrease dimensionality of
the output and employed a quadratic extrapolation method to estimate the unbiased value of
information-metabolic efficiency. We used the Jimbo-Kunisawa algorithm to calculate infor-
mation-metabolic efficiency with 10800, 5400, and 2700 trials, obtaining the estimates of E (Eq
10): E10800> Esa00» and E57qo. We then assumed that the estimates follow the following depen-
dency on the number of trials k [52]:

Ek:Eo—i—%—i—k—bz. (51)
By solving the linear system we obtained the estimate of the unbiased information-metabolic
efficiency E, (S5 Fig). We found that with 500 principal components the bias is still relatively
low, and further increasing the number of components leads only to minor increase in the
information-metabolic efficiency. Therefore, we used the first 500 components to obtain the
results in the Fig 6.
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Supporting information

S1 Fig. Input-output relationship of a single neurons. To exclude the network effects, we
plotted the tuning curves for the feedforward network separately for the excitatory (blue) and
inhibitory (yellow) neurons. The thick line represents the median response across the neurons,
which shows that their tuning curves are convex in the studied range. The shaded area shows
the spread of the tuning curves across neurons (2.5 to 97.5 percentile). With low values of Py,
the tuning curves across neurons vary significantly and are skewed to the higher firing rates.
(TIF)

S2 Fig. Fixing the number of external connections to each neuron. Same as Fig 4, but exactly
kextPext external neurons connected to each excitatory and inhibitory neuron. This removed a
large part of the dependence on Py, seen in Fig 4.

(TTF)

S3 Fig. Effect of equalizing the resting cost on the information-metabolic efficiency. We
observed that the cost of the resting state was different for different recurrence strengths a,.
(Fig 3A-3C). This could potentially explain the higher information-metabolic efficiency E (Eq
10) for intermediate values of a,.. and its decrease for high values of a,... To quantify the effect
of the resting cost, we set the resting cost in each case to the resting cost of the feedforward net-
work Wy(dye. = 0). The differences in the cost of the resting state did not have a qualitative
effect on the conclusions. A: The same contour plot as in Fig 5B. B: Contour plot with equal-
ized resting costs (contours as in Fig 5B: 0.75, 1.0, 1.25, 1.5, 1.75, 2.0, and 2.25 bits/s). C: Heat-
map of the relative differences.

(TTF)

S4 Fig. Accuracy of information-metabolic efficiency approximation. To calculate the
capacity-cost functions, we calculated the mutual information using Eq (5) with the input
probability distribution calculated from Eqs (12) and (14). Here we compare the information-
metabolic efficiencies calculated with the approximation and the Jimbo-Kunisawa algorithm.
A: The same contour plot as in Fig 5B with information-metabolic efficiencies calculated with
the Jimbo-Kunisawa algorithm. B: Information-metabolic efficiencies calculated with the
Fisher-information-based input distribution. C: Heatmap of the relative differences. Note that
the approximation can only reach values lower than the actual information-metabolic effi-
ciency.

(TIF)

S5 Fig. Sampling bias and extrapolation. The information-metabolic efficiency calculated by
the Jimbo-Kunisawa algorithm is plotted for different numbers of principal components used.
We calculated the information-metabolic efficiency from different numbers of trials. At high
number of components, lower number of trials lead to significantly higher information-meta-
bolic efficiency. This is the effect of the sampling bias. We attempted to remove the bias by
using the quadratic extrapolation method. For 500 principal components the bias is still rela-
tively low, and increasing the number of components brings little benefit in terms of informa-
tion-metabolic efficiency.

(TIF)
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