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Metabolic cost of neuronal information in an empirical stimulus-response model

Lubomir Kostal∗ and Petr Lansky
Institute of Physiology of the Czech Academy of Sciences, Videnska 1083, 14220 Prague 4, Czech Republic

Mark D. McDonnell
Institute for Telecommunications Research, University of South Australia, Building W,

Mawson Lakes Campus, Mawson Lakes Boulevard, Mawson Lakes SA, 5095, Australia

The limits on maximum information that can be transferred by single neurons may help us to understand how
sensory and other information is being processed in the brain. According to the efficient-coding hypothesis [8],
neurons are adapted to the statistical properties of the signals to which they are exposed. In this paper we employ
methods of information theory to calculate, both exactly (numerically) and approximately, the ultimate limits
on reliable information transmission for an empirical neuronal model. We couple information transfer with the
metabolic cost of neuronal activity and determine the optimal information-to-metabolic cost ratios. We find
that the optimal input distribution is discrete with only six points of support, both with and without a metabolic
constraint. However, we also find that many different input distributions achieve mutual information close to
capacity, which implies that the precise structure of the capacity-achieving input is of lesser importance than the
value of capacity.
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1. INTRODUCTION

One of the primary goals of neuroscience is to understand
exactly how neurons process and convey information [58, 66].
Theoretical approaches to this problem have received signifi-
cant attention over the past few decades [57, 58], with the ear-
liest information-theoretic studies appearing relatively shortly
after Shannon published his mathematical theory of informa-
tion and communication [30, 56]. Since then, optimality con-
ditions on information transfer in neuronal populations or sin-
gle neuronal models have been frequently considered, leading
to the idea of efficient coding [3, 4, 8], often providing in-
spiring results under varying assumptions. Among others, the
following scenarios were analyzed in detail

• stochastic integrate-and-fire class of models and tem-
poral spiking codes in Kostal [36], Suksompong and
Berger [68],

• Poisson-type neuronal models in Johnson and Good-
man [31], Nikitin et al. [54],

• Gaussian distribution of response variability (given
each stimulus) in de Ruyter van Steveninck and Laugh-
lin [67]

• deterministic response model in Laughlin [42]

• vanishing amplitude of the response variability in
Brunel and Nadal [12], McDonnell and Stocks [49]

• weakly tuned systems (large response variability) in
Kostal and Lansky [37]

∗ E-mail: kostal@biomed.cas.cz

• empirical neuronal models with rate or temporal coding
schemes in Ikeda and Manton [29].

The input-output properties of neurons are usually charac-
terized by their stimulus-response (S-R) function, i.e. by plot-
ting the firing frequency (or any other measurable neuron re-
sponse) versus the corresponding stimulus intensity, such as in
Fig. 1. The goal of many information theoretic approaches is
to identify stimulus characteristics that maximize information
transfer between stimuli and responses. In a classical paper,
Laughlin [42] applied an information-theoretic reasoning for
a deterministic neuron, resulting in the optimality condition
that the stimulus distribution function is proportional to the
S-R curve derivative (see Fig. 1a).

In a more realistic neural system, however, the noise (i.e.,
the response variability within and across trials) is considered
an integral part of the process (see, e.g., Lansky and Sacerdote
[41], Shadlen and Newsome [63], Tuckwell [70]). The pres-
ence of response variability decreases the availability of sim-
ple closed-form solutions to the information-maximization
problem [19, 23, 71], and also affects the character of the
“optimal” input signal [23, 26, 40]. Under certain condi-
tions, relatively uncomplicated approximate methods can be
used, typically for monotonic stimulus-response curves. The
asymptotic relation between mutual information and Fisher
information [9, 59] has been employed for the analysis of op-
timality conditions in the setting of large signal-to-noise ra-
tios [12, 49]—see Fig. 1b. The information-optimizing input
probability density is then proportional to the square root of
the Fisher information. The “opposite” situation, the small
signal-to-noise ratio scenario (Fig. 1c), has been recently in-
vestigated in Kostal [35], Kostal and Lansky [37].

Numerical optimization of the information-theoretic quan-
tities is the only option left in the general case (Fig. 1d). Spe-
cialized algorithms [18, 23] are usually required, and conse-
quently studies on realistic neuronal models with stimulus-
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Figure 1. Illustration of typical stimulus-response relationships investigated in literature on the information-optimality conditions in neurons.
The mean response together with its standard deviation and the corresponding information-maximizing input distributions are shown. The
classical deterministic scenario (a.) has been employed frequently since Laughlin [42], although the lack of response variability may be
viewed as a drawback. If the neuron responds with small response variability (possibly stimulus-dependent), the low-noise approximation (b.)
results in continuous optimal input probability densities [9, 12, 49]. On the other hand, for neurons weakly tuned to the variation in stimulus
(c.), the high-noise approximation yields binary equiprobable input distribution [35, 36]. The general (i.e., with no assumptions on the strength
and character of response variability) and also the most realistic case (d.), appears less frequently [29, 68], mainly due to difficulties associated
with calculation of the information capacity. The optimal input distribution is then usually discrete, with finite number of points of support. In
this paper we compare both low- and high-noise approximations with the exact (numerical) solutions, while the effect of neuronal metabolic
activity on the information transfer is taken into account.

dependent response variability are infrequent [46, 68, 74].
The main goal of this paper is to show how to provide exact

(i.e., numerical) and approximate solutions to the problem of
information maximization. As an example we consider an em-
pirical S-R relationship based on classical experiments [52],
and the precision of the approximate expressions is checked.
Furthermore, since neurons consume significant amounts of
energy during their activity [51], the metabolic cost is taken
into account when identifying the optimal information ver-
sus metabolic cost performance. We correspondingly extend
both low- and high-noise approximations to take into account
the metabolic cost constraints. By employing specialized nu-
merical procedures, we show that optimal information transfer
can be near-achieved by a number of different input distribu-
tions, which implies that the precise structure of the capacity-
achieving input is of lesser importance than the value of ca-
pacity.

2. METHODS

2.1. Stimulus-response characteristics obtained from
experimental data

As already mentioned, the input-output properties of neu-
rons are commonly characterized by the stimulus-response (S-
R) function, r (θ), in which the mean output response, r , is

plotted against the stimulus intensity, θ. The output is usually
the spiking frequency, but it can be the level of any variable
of interest, e.g., first-spike latency, channel conductance, re-
ceptor potential [27, 39, 42, 72], or even the mean frequency
or peak power of an oscillatory random signal [48]. The S-
R curves are usually monotonically increasing, and often of
sigmoidal shape [13, 40, 49]. They are usually presented as a
single curve, describing the mean response, but less frequently
they are accompanied by standard deviations to account for
the response variability.

For the purpose of this paper we selected an empirical S-
R relationship, obtained from experimental data on thalamic
neurons of macaque monkeys. The precise experimental setup
is not important for this study, we treat the model as the basic
case of stimulus-response relationship in order to illustrate the
information-theoretic methodology. For each value of stimu-
lus intensity, θ, the response neuronal firing rate, r (θ) (number
of spikes in a time window 200–1000 ms long) was measured.
It was found, that a majority of neurons examined in the ex-
periment satisfy the S-R relationship of the form [52]

r (θ) =a (θ − θ0)b + c, (1)

where the constants a,b,c, θ0 vary among neurons, here we
employ the particular fit with values a = 5.51,b = 0.632,c =

10, θ0 = 0 and the minimal and maximal values of θ are
0 and 100 respectively. In order to describe the variability
of responses in dependence on θ [52], we chose the generic
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Figure 2. Simulus-response characteristics based on experimental
data. The model was obtained by fitting experimental measurements
coming from thalamic neurons of macaques [52]. Mean stimulus-
response curve (solid) and standard deviation are indicated (a). Co-
efficient of variation describes the relative strength of the response
variability with respect to the mean response value (b). Note that the
response variability is neither vanishing nor too high (cf. Fig. 1).

Poisson-like behavior, i.e., the variance of spike count (fre-
quency) being proportional to the mean [70]

σ(θ) =
√
αr (θ), (2)

where σ(θ) is the standard deviation of the responses and the
constant of proportionality is selected to be α = 2 The S-R
relationship is shown in Fig. 2a.

The response coefficient of variation,

cv =
σ(θ)
r (θ)

, (3)

determines the relative response variability with respect to its
mean value (Fig. 2b), and can be considered to be the in-
verse of the “signal-to-noise ratio” [62]. By visual inspec-
tion we conclude that the investigated S-R model neither is in
the “low-noise” (Fig. 1b) nor the “high-noise” (Fig. 1c) cate-
gory, rather, it is a generic member of the “general” category
(Fig. 1d). We will make this inference more precise by com-
paring the approximate methods with exact solutions.

We stress at this point, that the main goal of this paper is to
demonstrate and interpret the information-theoretic method-
ology; the particular choice of the S-R model is of secondary
importance.

2.2. Metabolic cost of neuronal activity

Neurons use significant amount of energy for the spiking
activity, and thus energy usage should be coupled to consid-
erations about the efficiency of neuronal information trans-
fer [6, 43–45, 51, 61]. Attwell and Laughlin [5] used anatomic
and physiologic data to analyze the metabolic cost of differ-
ent components of excitatory signaling. They showed that the
signaling-related energy consumption increases linearly with
spiking frequency. The linearity of the dependence over a
wide range of firing frequencies is also confirmed by numer-
ical studies on biologically relevant single-compartment neu-
ronal models [7].

In the empirical S-R model given by Eqns. (1) and (2), the
response is the neuronal firing rate (number of action poten-
tials per second). The signaling-related metabolic cost, w(θ),
of neuronal activity associated with stimulus intensity θ can
thus be defined as

w(θ) = κr (θ), (4)

where the constant of proportionality, κ = 7.1 × 108 ATP
molecules, describes the metabolic cost of a single action po-
tential [5].

Consider an ensemble of different stimulus intensities, each
occurring with different relative frequency (i.e., probability).
Such an ensemble is described by the probability density func-
tion (p.d.f.), p(θ). The average metabolic cost, W , associated
with the stimulus ensemble is then expressed as

Wp =

∫
Θ

w(θ)p(θ) dθ, (5)

where the integral is over all possible stimulus intensities.

2.3. Information capacity and capacity-cost function

Under the generally accepted view that the task of a sen-
sory neuron is to communicate the value of its stimulus to
its target neurons, the logical next task is to find the maxi-
mum amount of information that can be conveyed [68]. To
accomplish the task, the neuron is treated as an information
channel, see Dimitrov and Miller [20], Johnson and Goodman
[31], Kostal, Lansky, and Rospars [39], Laughlin [42], Mc-
Donnell and Stocks [49], Stein [65], de Ruyter van Steveninck
and Laughlin [67], Suksompong and Berger [68] among oth-
ers.

Within the framework of information theory, the informa-
tion about some particular stimulus, θ, from observing the re-
sponse, r , depends on the stimulus ensemble described by the
p.d.f. p(θ) as in [23, p. 16]

i(θ; r) = ln
φ(θ |r)
p(θ)

, (6)
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where φ(θ |r) is the p.d.f. describing the relative frequencies
of possible stimuli intensities for observed r . Intuitively, the
most informative stimulus-response pairs are those, in which
the response r can be used to “identify” θ with high specificity,
i.e., with high a posteriori to a priori probability ratio. The
fact that the stimulus ensemble is described probabilistically
by p(θ) can also be (informally) justified, since during stimu-
lation, stimulus values cannot be known beforehand (from the
“point of view” of the neuron).

The p.d.f. φ(θ |r) is usually difficult to calculate, therefore
Bayes’ law is used to write Eq. (6) equivalently as

i(θ; r) = ln
f (r |θ)
f (r)

, (7)

where the (unconditional) response p.d.f. is f (r) =∫
Θ

f (r |θ)p(θ) dθ. The conditional p.d.f. f (r |θ), describing
relative frequencies of different responses evoked by stimulus
θ, is related to the S-R curve (Fig. 1). In fact, f (r |θ) can be
thought of as the complete descriptor of the model since both
the S-R curve, r (θ) =

∫
R r f (r |θ) dr , and (analogously) the

standard deviation, σ(θ), can be calculated from it.
The average value of i(θ; r) taken over all stimulus-

response pairs is denoted as the mutual information, I (Θ; R),
between stimuli and responses,

I (Θ; R) =

∫
Θ

∫
R

i(θ; r) f (r |θ)p(θ) dr dθ. (8)

If the logarithm in Eq. (7) is changed to base 2, then I (Θ; R)
gives the average number of bits per response (i.e., per single
channel use) that can be transmitted.

The maximum rate of reliable information transmission, de-
noted as information capacity, C, is then

C = max
p(θ)

I (Θ; R), (9)

where the maximum is taken over all possible input distribu-
tions defined over the allowed stimulus range. The capacity-
cost function [50], C(W ), gives the information capacity un-
der the additional constraint that the average metabolic cost
Wp given by Eq. (5) does not exceed some selected value W ,

C(W ) = max
p(θ),Wp≤W

I (Θ; R), (10)

Among the properties of C(W ) defined by Eq. (10) are, that
C(W ) is a non-decreasing function of W and that C = C(W )
for W growing without any bounds. However, the capacity in
Eq. (9) is in many cases achieved already at some finite value
of W , denoted here as W †.

The optimal balance between the information capacity and
metabolic cost is given by the capacity per unit cost [71],

C∗ = max
W

C(W )
W

. (11)

The inverse value, 1/C∗, can be interpreted as the minimal
possible cost of a reliably transmitted bit. Furthermore, we
define the capacity at optimal cost, C(W ∗), where W ∗ is the
optimal cost solving Eq. (11), if the solution exists.

Eqns. (9)–(11) can rarely be solved in a closed form. How-
ever, approximate as well as specialized numerical methods
exist. In the following we describe two approximate methods
valid for the case of high and low response variability (Fig. 1),
and an efficient optimization procedure [28] usable for all gen-
eral cases of practical interest.

2.3.1. Approximate methods

The advantage of approximations lies in the fact that they
allow us to investigate, although locally and perhaps under a
restrictive scenario, the effect of individual parameters of the
problem on the optimality conditions. The effect of changing
parameter values might be difficult to assess by employing
only numerical methods.
High-noise approximation. For very low signal-to-noise ra-
tios (Fig. 1c), the capacity-achieving stimulus distribution is
well approximated by a binary distribution, with equiproba-
ble masses located at the minimal, resp. the maximal allowed
stimulus intensities (θmin resp. θmax), as shown under differ-
ent assumptions in Huang and Meyn [28] and Kostal [35]. The
lower bound on the true capacity, C ≥ Cbin, can thus be writ-
ten as

Cbin =
1
2

∫
R

i(θmin; r) f (r |θmin) dr+

+
1
2

∫
R

i(θmax; r) f (r |θmax) dr, (12)

where f (r) in the definition of i(θ; r) in Eq. (7), is f (r) =

[ f (r |θmin) + f (r |θmax)]/2, and the integrals in Eq. (12) are
over all possible responses. Despite the simplicity of the bi-
nary approximation, Eq. (12), the difference C−Cbin is usually
negligible for C < 0.8 bits, see Kostal [35] for more details
and examples.

Both approaches establishing Eq. (12) in Huang and Meyn
[28] and Kostal [35] are somewhat technical, but Eq. (12) can
be heuristically justified as follows. If the response variability
is too large, then by increasing the stimulus repertoire (i.e., by
adding any third value to the two possibilities θmin, θmax) we
also increase the uncertainty of correct stimulus estimation so
much, that the reliability of information that can be transmit-
ted decreases.

a. Low-noise approximation. If the noise in informa-
tion transfer is low (Fig. 1b), there exists a lower bound,
Ilow(Θ; R), on the mutual information from Eq. (8), given as
(see, e.g., Brunel and Nadal [12] for details)

Ilow(Θ; R) = −
∫
Θ

p(θ) ln
p(θ)

√
2πe

J (θ |R)

 dθ, (13)

where J (θ |R) is the Fisher information obtained about a spe-
cific stimulus value, Θ = θ, given an observed response distri-
bution, R:

J (θ |R) =

∫
R

[
∂ ln f (r |θ)

∂θ

]2

f (r |θ) dr. (14)
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The low-noise bound Ilow(Θ; R) has been employed in
Bernardo [9], Brunel and Nadal [12], Clarke and Barron
[16], McDonnell and Stocks [49], Nadal and Bonnasse-Gahot
[53] among others.

The standard Euler-Lagrange method can be applied to
maximize Ilow(Θ; R) with respect to p(θ), yielding the low-
noise approximation to the capacity, C ≥ Clow,

Clow = ln

∫
Θ

√
J (θ |R) dθ√

2πe
. (15)

with optimizing density p(θ) ∝ √J (θ |R) (also known as Jef-
frey’s prior [9]). This optimal solution can also be obtained by
rewriting Eq. (13) as a Kullback-Leibler entropy, and noting
that such a quantity is always non-negative [49]. The opti-
mization of Eq. (13) will be shown in more detail with addi-
tional metabolic cost constraint in Section 3.1. Note that the
Euler-Lagrange method leading to Eq. (15) requires p(θ) to
be differentiable, confined to a finite stimulus range and also
strictly nonzero over this range.

2.3.2. Numerical methods

The solution to the problems described by Eqns (9) and (10)
lies in finding the maximizing input probability density, p(θ),
for the non-linear functional I (Θ; R). For the purpose of nu-
merical implementation, however, the entire function p(θ)
must be represented by a finite set of numbers. Basically,
either the function p(θ) is evaluated on a set of grid points
(possibly non-equidistant) {θ1, θ2, . . . , θk }, or various sophis-
ticated particle-filter methods are employed [18]. The latter
approach is computationally very intensive, and its advantages
can be considered as minor when a sufficiently dense input
grid is available. Furthermore, nearly all information-optimal
input densities are known to be discrete (e.g., composed of
Dirac’s delta functions, Fig. 1d), see, e.g., Chan, Hranilovic,
and Kschischang [14], Huang and Meyn [28], Ikeda and
Manton [29], McDonnell and Flitney [47], Nikitin et al.
[54], Tchamkerten [69].

By employing the input grid of size k, the problem of find-
ing the capacity is reduced to finding the maximum of a func-
tion in a k-dimensional space. Furthermore, since I (Θ; R) is
concave in p(θ), the optimization involves no local maxima
and the solution, if it exists, is unique. Employing power-
ful (i.e., gradient-based) optimization methods is, however,
not efficient in a highly-dimensional space, since special-
ized numerical procedures for finding the capacity have been
proposed. The classical Blahut-Arimoto algorithm [10] re-
quires non-trivial extensions to incorporate continuous-valued
responses and metabolic cost constraints to determine the
capacity-cost function.

In this paper we employ the cutting-plane algorithm [28,
33], which is applicable under more general circumstances
than the Blahut-Arimoto algorithm. Among the advantages
are the reported faster convergence, easy addition of input
constraints, provided they are expressed as expectations over
p(θ), and control over the numerical precision of the result.

The principle of the cutting-plane algorithm is the represen-
tation of a non-linear optimization problem as a sequence of
converging linear programming problems.

We also note that, as discussed by Chiang and Boyd
[15], Komninakis, Vandenberghe, and Wesel [34], McDonnell
and Flitney [47], the problem of finding the capacity achiev-
ing input distribution can be solved using convex optimisation
techniques [11]. After discretizing the input and output vari-
ables, we were therefore able to verify the solutions we found
with the cutting-plane algorithm using CVX, which is a pack-
age for specifying and solving convex problems [25].

Finally we note, that both the low- and high-noise approxi-
mations require the S-R curves to be sigmoidal, such as shown
in Fig. 1, plus some minor technical conditions on the charac-
ter of the response variability [12, 35]. However, the original
Shannon’s theory was proposed under rather broad assump-
tions [23], and thus the presented numerical methods are valid
for a much broader class of S-R relationships (sigmoidal or
not), see [28] for some nonrestrictive technical conditions.

3. RESULTS

3.1. Theoretical considerations

It follows from Eq. (8), that in order to calculate the
information-theoretic quantities, the full form of the density
f (r |θ) must be known, while our empirical model describes
only the mean value, Eq. (1), and the standard deviation,
Eq. (2). To proceed, we select the gamma distribution as a
suitable model for probabilistic description of neuronal firing
rates given stimulus intensity [29, 55],

f (r |θ) = rk (θ)−1 exp(−r/s(θ))
Γ[k (θ)]s(θ)k (θ)

, (16)

where Γ(x) is the gamma function, the shape, k (θ), and scale,
s(θ), parameters are related to Eqns. (1)–(2) as

k (θ) =
r2(θ)
σ2(θ)

, (17)

s(θ) =
σ2(θ)
r (θ)

. (18)

The shape of the gamma density for small values of cv , see
Eq. (3) and Fig. 2b, may resemble the shape of a Gaussian
distribution [32]. We also repeated the calculations presented
below with a more heavy-tailed model of f (r |θ) (the lognor-
mal distribution), affecting the results marginally. Thus we
conclude that the particular choice of gamma density is not
restrictive.

First, we extend the high-noise approximation from
Eq. (12) to account for the metabolic cost in Eq. (5), in order
to approximate the capacity-cost function in Eq. (10). Sev-
eral ways to proceed are possible, probably the simplest is
to keep the input two-point distribution supported at θmin and
θmax, and vary the probability to satisfy the cost constraint
Wp ≤ W . The capacity approximation evaluated at W = Wp
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can therefore be written as

Cbin =(1 − γ)
∫
R

i(θmin; r) f (r |θmin) dr+

+ γ

∫
R

i(θmax; r) f (r |θmax) dr, (19)

where 0 < γ < 1 is the relative weight, depending on both the
average cost Wp and the stimulus-related cost w(θ),

γ =
Wp − w(θmin)

w(θmax) − w(θmin)
, (20)

and the unconditional response p.d.f. required to calculate
i(θ,r) is f (r) = (1 − γ) f (r |θmin) + γ f (r |θmax). Note that
the maximum of Cbin(Wp ) occurs at γ = 1/2. The high-noise
approximation to the capacity cost function evaluated at point
W is then obtained by simple maximization of Cbin(Wp ) over
all Wp ≤ W .

Second, we extend the low-noise approximation from
Eq. (13), to account for the metabolic cost, again first by ex-
amining the approximation to capacity evaluated at W = Wp .
The problem is approached by employing the Euler-Lagrange
formalism [73], i.e, by finding a solution to the equation (as-
suming differentiability of p(θ) and p(θ) > 0 for the entire
stimulus range)

∂L
∂p
− d

dx
∂L
∂p′

= 0. (21)

The Lagrangian L includes Eq. (13), the normalization con-
straint

∫
Θ

p(θ) dθ = 1 and the cost constraint, as

L =Ilow(Θ; R) + λ1

[∫
Θ

p(θ) dθ − 1
]

+

+ λW

[∫
Θ

w(θ)p(θ) dθ −Wp

]
, (22)

where λ1, λW are the associated Lagrange multipliers. Since
the Lagrangian does not depend on the derivative of the input
density, p′, Eq. (21) reduces to the algebraic form, yielding
the optimal density to be

p(θ) =

√
J (θ |R)

2πe
exp[λ1 − 1 + λWw(θ)], (23)

which reduces to the Jeffrey’s prior, p(θ) ∝ √J (θ |R), for stim-
ulus limited to finite range and no metabolic cost constraint
(λW = 0). Substituting Eq. (23) into Eq. (13) gives the low-
noise capacity approximation at W = Wp as

Clow = 1 − λ1 − λwWp , (24)

and the approximation to the capacity-cost function evaluated
at W is obtained by maximizing Eq. (24) for all Wp ≤ W .
Unfortunately, no closed-form solution for λ1, λW can be ob-
tained, their values must be determined numerically by sub-
stituting Eq. (23) into the two constraint conditions (normal-
ization and metabolic cost).

Closed form expression for the Fisher information, J (θ |R),
can be found in terms of the S-R curve, r (θ), and its stan-
dard deviation, σ(θ). Substituting Eqns. (17) and (18) into
Eq. (16), and inserting the resulting gamma-density into
Eq. (14), leads to

J (θ |R) =
1

σ6(θ)

{
8r (θ)σ3(θ)r′(θ)σ′(θ)−

− 3σ4(θ)[r′(θ)]2 − 4r2(θ)σ2(θ)[σ′(θ)]2+

+ 4r2(θ)
[
σ(θ)r′(θ) − r (θ)σ′(θ)

]2×
× Ψ′

(
[r (θ)]2/σ2(θ)

)}
, (25)

where r′(θ),σ′(θ) are the derivatives with respect to θ, Ψ(x)
is the digamma function and Ψ′(x) its derivative [2]. The
Eq. (25) was obtained by realizing that the integral in Eq. (14)
for the gamma density can be expanded into a sum of integrals
of the following three types (up to multiplicative factors),∫
R e−rrβ dr = Γ(β+1) or

∫
R e−rrβ ln r dr = Γ(β+1)Ψ(β+1)

or
∫
R e−rrβ ln2 r dr = Γ(β+1)[Ψ2(β+1)+Ψ′(β+1)], where

various functions of r (θ) and σ(θ) and their derivatives ap-
pear instead of β and the multiplicative factors. Although
many terms cancel at the end, the exact calculation is long
and tedious and therefore we do not repeat it here. Nonethe-
less, we verified Eq. (25) by inserting various expressions for
r (θ),σ(θ) and comparing the closed-form results in Eq. (25)
against numerical integration of Eq. (14). Note, that J (θ |R)
can be zero at points for which a small change in a stimulus
intensity does not result in a change in the shape of the den-
sity f (r |θ) (locally). For example, J (θc |R) = 0 if for some
particular stimulus value θc holds simultaneously r′(θc ) = 0
and σ′(θc ) = 0.

Finally, we connect the low-noise optimal input density ap-
proximation, Eq. (23), with the optimal input density for the
deterministic case in Fig. 1a. Assume, that the S-R relation-
ship is such, that the response variability is independent of
the stimulus intensity, i.e., the variability is constant along the
whole S-R curve. It follows, that f (r |θ) must be of the form

f (r |θ) = g(r − r (θ)), (26)

where r is the response, r (θ) the S-R curve and g(r) is a p.d.f.
with zero mean. Substituting Eq. (26) into Eq. (14), gives
(provided that r (θ) is continuously differentiable)

J (θ |R) =

(
dr (θ)

dθ

)2 ∫
R

(
d ln g(r)

dr

)2

g(r) dr, (27)

after employing the fact that the integral in Eq. (14) is shift-
invariant [17]. Since the integral in Eq. (27) does not de-
pend on θ, the optimal density in Eq. (23) can be written as
p(θ) ∝ r′(θ), when no cost constraint is applied. We see that
the classical deterministic result (Fig. 1a, Laughlin [42]) is ap-
plicable also to S-R models with small stimulus-independent
noise. Note however the ambiguity of the optimality condi-
tions for the deterministic case from the information-theoretic
point of view, since any input density with continuous support
achieves infinite mutual information [17].
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3.2. Information-optimality conditions

Fig. 3a shows the complete capacity-cost function, with
the capacity, C = 1.78 bits, and capacity at optimal cost,
C(W ∗) = 1.16 bits, indicated. The value of C(W ∗) offers the
best balance between the ultimate limit on reliable informa-
tion transfer, versus the induced metabolic cost of neuronal ac-
tivity. The capacity is first achieved (within a small tolerance)
at the average cost W † = 3.9 × 1010 ATP molecules per sec-
ond, while the optimal cost is W ∗ = 1.68×1010 ATP molecs/s.
In other words, the optimal balance says that while operating
only at 41 % of the required metabolic cost to achieve capac-
ity, it is possible to achieve 65 % of the capacity.

Fig. 3b compares the optimal input distribution for achiev-
ing capacity and its low-noise approximation (the trivial high
noise approximation is not shown). Sufficiently dense in-
put grid has been used, k = 300, to ensure high precision.
The results confirm the discrete character of the optimal in-
put distribution being supported only at 6 points with non-
zero probability (the positions of these points have been opti-
mized according to the method proposed by Huang and Meyn
[28]). On the other hand, the low-noise approximation does
not resemble the exact input distribution, confirmed by the
approximate capacity value, Clow = 1.32 bits. It is worth
noting, that employing a uniform input distribution results
in I (Θ; R) = 1.29 bits, substantially higher than Clow. Ob-
viously, the studied empirical S-R relationship does not fall
within the low-noise category. The detailed analysis of the
low-noise approximation precision in dependence on the re-
sponse variability will be published in Kostal and Lansky [38].

In Fig. 3c the ratio C(W )/W , required to calculate the ca-
pacity per unit cost C∗, shows its relative “sharpness” about
the optimal value. Decreasing the average cost from W ∗ re-
sults in a more dramatic decrease of the optimality conditions
than by the increase from W ∗.

Fig. 3d, similarly to Fig. 3b, compares the exact and
low-noise approximation to the input probability distribution
achieving the optimal information-cost ratio C∗. Again, the
low-noise approximation does not describe the situation well.

The employed numerical algorithm allows to control the
numerical precision of the result, therefore it is possible to
compare input distributions that near-achieve capacity. For
an input distribution resulting in mutual information Ip =

I (Θ; R) we define the relative precision as 1 − Ip/C. Fig. 4
shows three different input distributions which achieve the ca-
pacity within 1 % precision (cf. Fig. 3b). Although the dis-
tributions are discrete with 6 points of support, there are dif-
ferences in the precise stimulus intensity values (except for
θmin = 0 and θmax = 100 which are stable), and their proba-
bilities in the region θ < 50. We observe that near-capacity
(and near-capacity per unit cost) can be achieved by a set of
different distributions, and that the convergence towards the
exact (stable) solution can be relatively slow (confirming ob-
servations of Abou-Faycal, Trott, and Shamai [1]).

4. DISCUSSION

Channel capacity gives the upper bound on reliable infor-
mation transfer, e.g., the neuron can be theoretically used,
by appropriately changing the stimulus values, to transmit
100 bits of information, at C bits/response on average, and
these 100 bits can be recovered exactly from the responses
(with arbitrarily small probability of error). Shannon’s chan-
nel coding theorem ensures that such a procedure (coding and
decoding operation) exists [23]. The complexity of such op-
erations can be sometimes reduced greatly in the presence
of feedback (the dependence of the current stimulus on past
responses) or by including some fidelity criterion on the ap-
proximate reconstruction of the true sensory input [23, 24].
We have not included these possibilities in our current effort.
Rather, we take the traditional point of view in computational
neuroscience and maximize just the mutual information be-
tween stimuli and responses [4, 39, 46, 65].

In this paper, we treated the neuron as a discrete time infor-
mation channel. That is, the stimulus is assumed to be “con-
stant” for a certain amount of time, rather than changing con-
tinuously with time. While the “discrete-time” assumption
is consistent with the experimental protocol of Mountcastle,
Poggio, and Werner [52] it is not clear, whether the assump-
tion holds also for naturally occurring stimuli. Fortunately,
the assumption that the channel is discrete-time is not too re-
strictive, since most continuous-time channels can be viewed
as discrete-time with very little loss [50].

Another question is the effect of channel (neuron) memory,
when the current response depends not only on the current
stimulus, but also on past stimulations and responses [23, 35].
In this paper, we do not take the effect of channel memory
into account. Broadly stated, the empirical S-R relationship
is static in the sense that the possible effects of, e.g., neu-
ronal adaptation [22] or realistic temporal response properties
of neurons and their effect of information transmission, are not
investigated here. Unlike the case when the stimulus statistics
can be assumed, (e.g., in Fairhall et al. [21]) the mathemat-
ical treatment of mutual information maximization for “non-
static” neuronal models (information channels) turns out to be
rather difficult. Exact calculation of capacity for general chan-
nels with memory is currently not possible, in certain cases
approximate results for extremal noise behavior can be given
[35]. Numerical lower and upper bounds can be calculated
[60], though. The calculation of these bounds would repre-
sent a significant extension (in complexity) of the algorithms
employed in this paper. In the experimental setup of Mount-
castle, Poggio, and Werner [52] each stimulus intensity was
presented for the duration of (usually) 1 second, and therefore
the effect of stimulus history on the current response can be
considered minimal (if any).

We found that the capacity-achieving input distribution is
discrete with only 6 points of support. It is known that for
many channels the information-optimizing input density is
supported only at a finite number of points (e.g., it is dis-
crete, composed of Dirac’s delta functions), see Fig. 1d. The
only non-trivial information channel models with continuous
optimizing input densities (we are aware of) are the additive
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Figure 3. Information-optimality conditions for the empirical stimulus-response model from Fig. 2. The capacity-cost function (a) gives the
ultimate limit on reliable information transfer (in bits) such, that the metabolic cost of neuronal activity does not exceed the selected value
W , its maximum is the information capacity C = 1.78 bits. Low- and high-noise approximations are shown for comparison, but both perform
poorly, since the selected model falls neither within the high- nor the low-noise category. The optimal balance between information capacity
and metabolic cost, C∗ , is given by the maximum of the C(W )/W ratio (c), which occurs at the optimal average metabolic cost W ∗ . The
optimal input distributions achieving C resp. C∗ are shown in panels b resp. d. In both cases, the optimal input distribution is discrete with
6 points of support. Although each distribution’s support set is qualitatively similar, they are clearly not the same. The continuous-valued
low-noise density approximation does not describe the exact solution well.

white Gaussian noise linear channel with unbounded input
range subject to a variance constraint, and Gallagher’s phase
channel [23, p. 556]. Unfortunately, we are not aware of
an intuitively clear justification of capacity-achieving distri-
bution discreteness. For more complicated channel models it
is difficult to prove that the optimal input density is discrete
moreover, the proofs of discreteness in particular cases are
non-constructive [64, 69]. In this paper we do not attempt
to prove the discreteness of the capacity-achieving distribu-
tion formally, rather, we conclude that the input distribution is
discrete by observing that the majority of probabilities of the
input grid points in the numerical algorithm are suppressed to
zero.

Detailed comparison of our results with similar studies (and
also among those studies) is difficult due to different scenarios

and assumptions. In an extensive numerical study Wiener and
Richmond [74] employed experimental data to calculate the
capacity of visual V1 complex cells of monkeys. They used
both the rate and temporal coding schemes (modulation of fir-
ing intensity within the response time-window for each stim-
ulation). More recently, Ikeda and Manton [29] numerically
calculated the information capacity of both rate and simple
temporal codes in a neuronal model with gamma distribution
of interspike intervals. Furthermore, Johnson and Goodman
[31] estimated the capacity of Poissonian neurons and their
populations. Their results can be interpreted as giving the
upper bound on capacity of any neuronal model, where the
stimulus is encoded into the point-process intensity; for real-
istic firing rates the upper bound on capacity is about 2 bits
per spike. The assumptions of Johnson and Goodman [31] are



9

0

0.1

0.2

0.3

0

0.1

0.2

0.3

In
pu

tp
ro

ba
bl

ity
di

st
ri

bu
tio

n

0 20 40 60 80 100
0

0.1

0.2

0.3

Stimulus, θ

Figure 4. Input distributions that near-achieve capacity for the
stimulus-response model from Fig. 2. Mutual information result-
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ity. Notice especially the differences for smaller stimulus intensities
(θ < 50). See also Fig. 3b.

different and more general than in the rest of the papers cited

above (namely time-continuity of the channel communica-
tion), the disadvantage is that such a scenario is less amenable
to direct or approximate calculations for non-Poisson neu-
ronal models and various stimulus constraints. We conclude,
that our results are numerically compatible with those of, e.g.,
Ikeda and Manton [29], Johnson and Goodman [31], Wiener
and Richmond [74], that is the capacity is of the order of 1 bit
per channel use.

5. CONCLUSIONS AND FINAL REMARKS

We calculated, both exactly and approximately, the infor-
mation capacities, capacities per unit cost and their respec-
tive optimizing input distributions, for an empirical model of
a neuron.

Whether the true information transfer in neurons is close to
capacity is, however, a completely different question that we
do not seek to answer in this paper.
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