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a b s t r a c t

A novel measure of neural spike train randomness, an entropy factor, is proposed. It is based on the
Shannon entropy of the number of spikes in a time window and can be seen as an analogy to the
Fano factor. Theoretical properties of the new measure are studied for equilibrium renewal processes
and further illustrated on gamma and inverse Gaussian probability distributions of interspike intervals.
Finally, the entropy factor is evaluated from the experimental records of spontaneous activity inmacaque
primary visual cortex and compared to its theoretical behavior deduced for the renewal process models.
Both theoretical and experimental results show substantial differences between the Fano and entropy
factors. Rather paradoxically, an increase in the variability of spike count is often accompanied by an
increase of its predictability, as evidenced by the entropy factor.

© 2017 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).

1. Introduction

One of the most important questions in neuroscience is how
information is transferred in the nervous system. Some aspects of
the mechanism are clear and generally accepted—information is
transferred using spikes transmitted by neurons, coded only by
times of their occurrence, not by their size or shape (Gerstner
& Kistler, 2002; Rieke, Warl, de Ruyter van Steveninck, & Bialek,
1999). However, more specific details of the mechanism are not
obvious, mainly the exact method of coding. The simplest, and
most often assumed concept, is that coding is achieved through
the spike rate (defined, for example, as the number of spikes fired
in a unit of time), called the rate coding. It is a natural idea, as
neuronal responses are usually strongly influenced by the presy-
naptic spiking rate. Nevertheless, the rate reflects only a small part
of the character of spike trains and thus a possibility exists that a
more complex coding is employed. The codes which assume some
rate-independent behavior, given by the specific position of single
spikes, are called temporal codes (temporal coding).

There are many possibilities how such a temporal code could
operate,with one variant focusing on the variability in spike timing
(variability coding). Under this concept, information is transferred
not only by the rate, but also using the variability of spike trains.
The crucial question while studying the variability is how to quan-
tify it. The two of the most often used measures are the coefficient
of variation (CV) and the Fano factor, see (Ditlevsen& Lansky, 2011;
Rajdl & Lansky, 2014; Stevenson, 2016) andother referenceswithin
these texts. The CV is defined as the standard deviation to mean of
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interspike intervals (ISIs) ratio and the Fano factor is defined as the
variance to mean of number of spikes in a time window ratio. The
number of experimental studies where these two measures have
been applied is practically countless. The definitions of CV and the
Fano factor also show twomainways how to see neuronal data—as
ISIs or numbers of spikes in a time window of fixed length. A real
neuron more likely registers the counts of spikes than the exact
lengths of ISIs, nevertheless, both of these variants are useful and
provide a different perspective in evaluation of experimental data.
Another feature of these two variabilitymeasures, up to our knowl-
edge never mentioned, is that they can be seen as variance (of ISIs
or counts) related to a corresponding variance of a Poisson process
with the same firing intensity. As a Poisson process has a unique
position among the random processes used to model spike trains,
it is an important property of these measures that increases their
interpretability. Althoughwe consider CV and Fano factor to be the
most common variability measures, let us note that several others
have been proposed and studied. Among others, we may mention
CV2 proposed byHolt, Softky, Koch, andDouglas (1996), CVlog em-
ployed in Ruigrok, Hensbroek, and Simpson (2011) or coefficient
of local variation, Lv, introduced by Shinomoto and his coworkers
(Aoki, Takaguchi, Kobayashi, & Lambiotte, 2016; Shimokawa &
Shinomoto, 2009; Shinomoto, Miura, & Koyama, 2005). For com-
parison of various measures in classification of neuronal discharge
patterns, see Kumbhare and Baron (2015). Generally, as seen, there
are various ways of quantifying the statistical heterogeneity of a
given probability law, not only variance or entropy. Among others
belong the Gini index, which measures the law’s egalitarianism
or its alternative—the Pietra index (Eliazar & Sokolov, 2010). This
latter measure is especially useful in the case of asymmetric and
skewed probability laws and its future applications on neuronal
data remain open.
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Fig. 1. An overview of selected measures of intensity independent behavior of spike trains. (a) Twomain ways how to describe spike trains—using ISIs or counts of spikes in
a time window of length w. (b) Two concepts how to understand variability and randomness. (c) Specific characteristics representing variability and randomness—variance
and (Shannon) entropy. (d) Relating of given characteristics to a Poisson process of the same intensity. (e) Resultingmeasures—coefficient of variation (CV), Kullback–Leibler
distance (KL), Fano factor (FF) and entropy factor (HF).

Although the variability is commonly used as a general term,
there is a similar concept, but not equivalent one, which should
be distinguished—the randomness or predictability. Both, the vari-
ability and randomness describe the character of spike trains
which is not fully determined by the intensity, but there is a clear
difference between them. It can be seen, for example, from the fact
that even a variable process can be non-random. A very suitable
quantity to measure randomness is Shannon entropy (Shannon &
Weaver, 1998), which has been widely applied in neuroscience
(amongmany others, Borst andHaag (2001); Chacron, Longtin, and
Maler (2001); Ince et al. (2010); Kostal, Lansky, andRospars (2007);
McDonnell, Ikeda, andManton (2011); Steuer et al. (2001); Strong,
Koberle, de Ruyter van Steveninck, and Bialek (1998); Watters and
Reeke (2014)). Some randomnessmeasures based on entropy have
been proposed in neural context and thoroughly studied (Kostal &
Lansky, 2006; Kostal, Lansky, & Pokora, 2011; Kostal et al., 2007).
Nevertheless, they focus only on ISIs, creating an alternative to CV.
Themost suitablewayofmeasuring the randomness of ISIs appears
to be through using the Kullback–Leibler (KL) distance of probabil-
ity density of ISIs to density of ISIs in a Poisson process with the
same intensity, thus to density of an exponential distribution.

Quantities based on the KL distance can be seen as analogies to
CV representing randomness instead of variance (Kostal, Lansky, &
Pokora, 2013). It would be thus natural to use entropy to measure
the randomness of spike-counts analogously to the Fano factor.We
propose such a measure in this paper. It is defined as the ratio of
the Shannon entropy of numbers of spikes in a time interval to
the Shannon entropy of a Poisson counting process with the same
intensity. Due to similarity to the Fano factor, we call the measure
an entropy factor (HF). It creates a natural complement to existing
measures. For an overview of selected measures of variability and
randomness, see Fig. 1. Themeasures are classified into two groups
according to whether they focus on ISIs or spike counts, the crucial
difference between these two approaches being in the presence
of an additional parameter (the observation window length) in
the distribution of counts. Hence, the variability and randomness
measures of spike-counts provide a more complete and extensive
characterization of the underlying statistical spiking model, as re-
ported in this paper. As Fig. 1 also shows, all themeasures compare
a characteristic of given spike train to a Poisson process, which

is a simple, but efficient way how to improve interpretation and
comparison of various experiments.

The aim of this paper is to explore properties of entropy factor
and compare them with properties of Fano factor, to show that
there are some fundamental differences between the measures.
Behavior of the Fano factor has been studied in various papers,
mostly its dependence on the length of the observation window
or CV (Nawrot et al., 2008; Pipa, Gruen, & Vreeswijk, 2013; Rajdl
& Lansky, 2014) or its statistical properties (Eden & Kramer, 2010).
Here, the theoretical properties of the entropy factor are studied
and explicit formulas describing its behavior are derived. Firstly,
the equilibrium renewal process as a model of spike train is de-
fined. Based on this model, the standard variability measures and
their basic properties are summarized. Secondly, the newmeasure
is defined and investigated in the next section. To illustrate its
properties, two of the most often assumed models of the lengths
of ISIs are used, gamma and inverse Gaussian distributions (Fisch,
Schwalger, Lindner, Herz, & Benda, 2012; Koyama & Kostal, 2014;
Lansky, Sacerdote, & Zucca, 2016; Nawrot et al., 2008; Omi &
Shinomoto, 2011; Ostojic, 2011; Pipa et al., 2013; Shimokawa,
Koyama, & Shinomoto, 2010). Finally, the entropy factor is com-
pared to the Fano factor estimated from experimental data.

2. Spike train model

In a formal description, a spike train can be represented as a se-
quence of times of occurrence of the individual spikes, X1, . . . , Xn,
n ∈ N, and modeled using a (stochastic) point process. Probably
the most often used are renewal processes, which assume that all
the ISIs, Ti = Xi+1−Xi, i = 1, . . . , n−1, aremutually independent
and identically distributed random variables. This model is also
used here, however, we are well aware that the true character
of spike trains can be more complex (Avila-Akerberg & Chacron,
2011; Chacron et al., 2001; Farkhooi, Strube-Bloss, &Nawrot, 2009;
Schwalger, Droste, & Lindner, 2015).

A renewal process is defined by a continuous positive random
variable T , representing the lengths of ISIs, with a probability
density function f (t), cumulative distribution function F (t), and
mean µ = E(T ). To fully specify the renewal process, it is also
necessary to state the relationship between the sequence of spikes
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and the zero time (start of the observation). From the perspective
of an external observer, time zero is random with respect to the
spikes (equilibrium renewal process). Then the time up to the first
spike (T0) has, generally, a different probability distribution than
T . The only renewal process in which T is equivalent to T0 is the
Poisson process. In that case, the random variables T and T0 are
exponentially distributed.

As follows from the frequency coding approach, neurons are
influenced by the number of spikes received in a time period. This
point of view leads to a counting process N(w), which denotes the
number of spikes in an interval (0, w], w > 0, where N(w) is a
discrete random variable with probability mass function

pn(w) = P(N(w) = n), n = 0, 1, 2, . . . . (1)

The counting process is an alternative way of describing a
renewal process using ISIs,

N(w) ≥ n ⇔ T0 + · · · + Tn−1 ≤ w, (2)

from which follows, (Jewell, 1960),

p0(w) = L−1

{
1
s

−
1 − f̃ (s)
E(T )s2

}
(w), (3)

pn(w) = L−1

{
(1 − f̃ (s))2(f̃ (s))n−1

s2E(T )

}
(w), n ∈ N, (4)

where L denotes the Laplace transform and f̃ (s) = L{f }(s). Evalu-
ation of formulas (3) and (4) is rather complicated, and even some
basic characteristics of N(w) are difficult to obtain. There is an
explicit formula for the mean,

E(N(w)) =
w

E(T )
=

w

µ
, (5)

but no similar one exists for higher moments. For an approxima-
tion of the variance of N(w), the following asymptotic relationship
can be used, (Cox, 1962),

Var(N(w)) ≈
Var(T )
E3(T )

w +
1
2

(
1 +

Var(T )
E2(T )

)2

−
1
3
E(T 3)
E3(T )

,

for w → ∞. (6)

Relationship (5) also yields a simple formula for the intensity of the
process,

λ =
1
µ

, (7)

as for a general counting process the definition of intensity is

λ(w) =
dE(N(w))

dw
. (8)

Note that probably the only non-trivial renewal process for which
it is possible to express the probability mass function and many
other characteristics ofN(w) by simple closed formulas is the Pois-
son process. Let us denote the corresponding counting process and
random variable representing the ISIs asNP (w) and TP . It holds that

E(TP ) =

√
Var(TP ) = 1/λ (9)

and

E(NP (w)) = Var(NP (w)) = λw. (10)

3. Variability

The term ‘‘variability’’ is used to reflect the extent to which a
distribution, under our scenario, of spike timing is stretched or

squeezed. It is commonly related to the second statistical mo-
ment but also, for example, an interquartile range can be used.
An important difference, related to the problemacy of stochastic
point processes, is that the second statistical moments are not
compared directly but scaled to a template which is represented
by the Poisson process of the same intensity. Specifically, it is the
coefficient of variation,

CV2
=

Var(T )
Var(TP )

, (11)

and Fano factor,

FF(w) =
Var(N(w))
Var(NP (w))

, w > 0. (12)

These measures are commonly defined with E2(T ) and E(N(w))
instead of Var(TP ) and Var(NP (w)). However, due to relationships
(5), (9) and (10), such definitions are equivalent and only formulas
(11) and (12) fully clarify the role of CV and FF(w).

While the CV is a constant, FF(w) is a function of w, and there-
fore the Fano factor is sometimes defined as the limit

FF = lim
w→∞

FF(w), (13)

with, (Cox, 1962),

FF = CV2. (14)

Next, the following formulas hold, (Jewell, 1960),

lim
w→0

FF(w) = 1 (15)

and, (Rajdl & Lansky, 2014),

FF(w) =
1
w

L−1
{

1 + L{f }(s)
s2[1 − L{f }(s)]

}
(w) −

w

E(T )
, (16)

where the latter can be used to numerically calculate FF(w) for any
w > 0.

4. Predictability, the newmeasure and its properties

As already mentioned, we wish that predictability or random-
ness is distinguished from variability, as it reflects different fea-
tures of the spike train. To measure randomness, it is suitable to
use the Shannon entropy. For a discrete randomvariableN(w)with
probabilities pn(w), n = 0, 1, . . . , it is defined as

H(N(w)) = −

∞∑
n=0

pn(w) ln pn(w). (17)

The larger the value of H(N(w)), the more difficult it is to predict
the value of N(w), and so, the more information we obtain from a
realization of N(w) (the variable N(w) is more random).

The randomness of T has been thoroughly studied (Kostal et al.,
2011, 2013), however, we are not aware of any similar studies
of N(w). Therefore a randomness measure of N(w) based on the
Shannon entropy is defined and studied in this paper. It would be
possible to directly use quantity (17). Nevertheless, for a better
interpretation, it is suitable to also relate its value to a Poisson
process such as in (11) and (12). We suggest to define the entropy
factor as

HF(w) =
H(N(w))
H(NP (w))

, (18)

where NP (w) denotes the Poisson process with the same intensity
as N(w).

Analogously to studies on the Fano factor, we are interested in
the behavior of HF(w) in dependence on w and on properties of
T , mainly the CV. Calculation of HF(w) requires calculation of the
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entropy of N(w) and entropy of the Poisson process. The entropy
of the counting Poisson process with intensity λ is

H(NP (w)) = λw[1 − ln(λw)] + e−λw

∞∑
n=0

(λw)n ln(n!)
n!

. (19)

Relationship (19) can be approximated using, (Evans & Boersma,
1988),

H(NP (w)) ≈
1
2
ln(2πeλw) −

1
12λw

−
1

24(λw)2

−
19

360(λw)3
, for λw → ∞. (20)

For a general renewal process with intensity λ, it is possible to
numerically evaluate Eqs. (3), (4) and (17) or to use the asymptotic
formula

H(N(w)) ≈
1
2
ln(2πe)

+
1
2
ln

(
CV2λw +

1
2

(
1 + CV2)2

−
1
3
λ3E(T 3)

)
,

for λw → ∞. (21)

To derive (21), we use the fact that probability distribution of
N(w) converges to a normal distribution with mean E(N) = λw
and variance σ 2

= Var(N(w)) (Cox, 1962). Entropy of normal
distribution is ln(2πeσ 2)/2,whichwith formula (6) yields relation-
ship (21).

Next, some limit properties of HF(w) are

lim
w→0

HF(w) = 1, (22)

lim
w→∞

HF(w) = 1 (23)

and, for large λw,

lim
CV→0

HF(w) ≈
−q ln(q) − (1 − q) ln(1 − q)

1
2 ln(2πeλw)

, (24)

where q = λw − ⌊λw⌋ and ⌊λw⌋ is the integer part of λw.
Derivation of relationship (22) is shown inAppendix. Limit (23) can
be calculated directly as limit from (21) and (20). For derivation of
limit (24), let us first see the properties of an equilibrium renewal
process for CV → 0. The process clearly consists of uniformly
distributed time to the first spike (T0 ∼ Unif(0, µ]), and following
constant ISIs of length µ. For any w > 0, there are thus only
two possible numbers of spikes which can occur, ⌊λw⌋ spikes with
probability q = λw − ⌊λw⌋ or ⌊λw⌋ − 1 spikes with probability
1− q. This yields the nominator of (24), the denominator is simply
the first part of approximation (20).

According to relationship (23), HF(w) always converges to a
value of one, which substantially differs to the behavior of the Fano
factor. Another principal difference between HF(w) and FF(w) is
that the entropy factor is bounded from above (for fixed w and
µ), as there is a maximum value of entropy of N(w), whereas the
Fano factor can take arbitrarily large values. Themaximumentropy
among all the discrete distributions with mean λw has a geo-
metric distribution (Cover & Thomas, 2006). Its probability mass
function is

P(X(w) = n) =

(
1 −

1
1 + λw

)n 1
1 + λw

, n = 0, 1, 2, . . . (25)

and its entropy is

H(X(w)) = (1 + λw) ln(1 + λw) − λw ln(λw). (26)

No renewal process has such a distribution of number of spikes,
and thus no renewal process can reach the value (26). This fact can
be easily seen through the limit behavior of N(w) of any renewal

process. As mentioned, it converges to the normal distribution for
λw → ∞, however, the geometric distribution (25) does not. An
upper bound of HF(w) is thus created by the ratio of H(X(w)) to
H(NP (w)). It holds that

lim
w→∞

H(X(w))
H(NP (w))

= 2, (27)

which is a direct consequence of relationships (20) and (26).

5. Examples of the entropy factor and comparison with the
Fano factor

The above presented theoretical properties of HF(w) give a basic
idea about its behavior. However, they do not yield the dependence
on w or CV in a simple way. Therefore, it is illustrated for two
commonly used distributions of T , gamma and inverse Gaussian
(IG). Both distributions are parametrized using two independent
parameters. For this purpose, it is suitable to use µ and CV. The
density of the gamma distribution is

fG(t) =
t1/CV

2
−1exp[−t/(µCV2)]

Γ (1/CV2)(µCV2)1/CV2 , t ≥ 0, (28)

and the density of the IG distribution is

fIG(t) =

√
µ

2πCV2t3
exp[−(t − µ)2/(2CV2tµ)], t ≥ 0. (29)

Let us note that the gamma distribution becomes exponential
for CV = 1 and thus the corresponding renewal process is a Poisson
process. On the contrary, IG distribution never attains the expo-
nential distribution. Without loss of generality, in the following
examples it is assumed that µ = 1, this can be always achieved
by using a suitable linear transformation of time. The time is thus
shown in mean ISI units. The remaining free parameters are then
CV and w.

To compare HF(w) with FF(w), the necessary values were nu-
merically calculated using formulas (3), (4) and (17). In Fig. 2,
the dependence on the length of the time window is illustrated.
The common feature of both HF(w) and FF(w) is that they start
at a value of one and the following behavior is influenced by the
value of CV. In the presented cases, lower values of CV yield lower
values of FF(w) and vice versa, however, this does not hold for
HF(w). A large difference between themeasures is in their limiting
behavior for increasing w, where the Fano factor converges to CV2,
and the entropy factor returns to one. Nevertheless, the rate of
convergence of HF(w) to the value of one is exceptionally slow.

A special property of the entropy factor is its upper bound.
We can see that it is relatively low and thus the entropy of N(w)
cannot be much larger than the entropy of the Poisson process,
at most double—according to relationship (27). Another feature is
the sinusoid-like shape for a low CV. It is common for both of the
measures, but it is more apparent for HF(w). The reason for this
sensitivity of HF to small CV is the equilibrium property of the
process we use to model the spike trains. Even for CV = 0, when
all the ISIs are same, the time to the first spike is random (due to
the random start of the observation), but less than or equal to µ.
It follows, that at times which are multiples of the mean ISI, we
know exactly how many spikes there will be and that the entropy
is zero. At other times, the number of spikes is still influenced by
the random beginning and the entropy is thus positive.

For the sake of completeness, the range of w in Fig. 2(a), (b) is
from 10−2 up to 108, while the mean ISI is equal to one. However,
wemay ask what range is interesting from a neural coding point of
view. Typical experimental data contains amaximumof thousands
of ISIs, themain reason being that current technology does not per-
mit simultaneous observation of thousands of individual neurons
and thus parallel observation is replaced by a single spike train. In
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Fig. 2. Dependence of HF(w) (a, b, c, d) and FF(w) (e, f) onw for various values of CV. The ISIs follow gamma (a, c, e) and IG (b, d, f) probability distributions withmean ISI= 1.
Window sizew is on log-scale in panels (a) and (b), their gray part is shownwith linear scale on panels (c) and (d). The values of CV are 0.1, 0.25, 0.5, 1, 1.5, 2 (corresponding
to the individual full-line curves from bottom to top on the right sides of the panels). Dashed-lines: An upper boundary for HF(w), given by geometric distribution X(w),
(26), with parameter λ = 1.

a real neural network, in which synchrony (coincidence) of spiking
plays a role, it can be expected that the range of interest for the
time window is between fractions of the mean ISI up to several of
its multiples.We can see that the extremes of HF(w) are reached in
this range, which supports the importance of randomness evalua-
tion. In Fig. 2(c), (d), the behavior of the entropy factor for themost
important lengths of the observation window is shown in more
detail.

In Figs. 3 and 4, the relationships between FF(w) and HF(w) are
shown directly. In the first case, the values of CV of ISIs are fixed for
the single curves and w is going continuously from 0 to ∞. In the
second case, every curve corresponds to a fixedwwhile CV changes
from 0.2 to 2. We can see that the relationship between HF and FF
is not linear, often not even monotonic. Mainly, the dependence
in Fig. 3 is relatively complicated, caused by the fact that the
course of HF(w) is non-monotonic, as shown in Fig. 2. In Fig. 4, the
curves are simpler, nevertheless, their order and intersections are
not intuitive, which is again caused mainly by the non-monotonic
dependency of the entropy factor and the length of the observation
window.

Another question wewere interested in is which CVmaximizes
HF(w) for each given model of ISIs and w. Such CVs in dependence

on w are illustrated in Fig. 5(a). A larger w mostly requires a
larger CV to maximize the entropy factor, however, the opposite
holds for IG distribution and short windows. The individual max-
ima are always lower than the theoretical upper bound given by
geometric distribution (26). In Fig. 5(b), the corresponding values
of maximum HF(w) achieved by gamma and IG distributions in
relation to the upper boundary are shown. We can see that for the
presented lengths of the observation window (w ≤ 5) the entropy
factor of a renewal process can be relatively near to the upper
boundary.

Finally, in Fig. 6 the accuracy of the approximation (21) is
explored, using relative error,

ϱ(w) = 100
H̃F(w) − HF(w)

HF(w)
, (30)

where H̃F(w) is approximation of HF(w) using formula (21) to
calculate the entropy. The precision is low mainly for small w

and large CV. Very low values of CV are also problematic, as the
approximation cannot reflect the sinusoid-like behavior of HF(w).
However, for a standard range of CV (e.g., [0.5, 1.5]) the accuracy
seems to be sufficient from w around several means of ISIs.
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Fig. 3. The relation between FF(w) and HF(w) for various values of CV (0.25, 0.5, 1, 1.5, 2). The ISIs follow gamma (a) and IG (b) probability distributions with µ = 1. The
values of FF(w) and HF(w) are shown for w ∈ (0, ∞).

Fig. 4. The relation between FF(w) and HF(w) for various values of w (0.5, 1, 10, 100, 1000). The ISIs follow gamma (a) and IG (b) probability distributions with µ = 1. The
values of FF(w) and HF(w) are shown for CV ∈ (0.2, 2).

Fig. 5. (a) CV whichmaximizes HF(w) in dependence onw for gamma and IG distribution of T withµ = 1. (b) Maximum of HF(w) to its upper boundary ratio in dependence
on w, denoted as φ(w).
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Fig. 6. The relative error ϱ(w) [%] of approximation (21) for gamma (a) and IG (b) distribution of T in dependence on CV and w, µ = 1.

6. Entropy factor evaluated from experimental data

In this section, we compare Fano and entropy factors evalu-
ated from experiments. The data consists of 15 min records of
spontaneous activity of neurons from primary visual cortex (V1)
of the macaque monkey. The data were obtained from www.
crcns.org www.crcns.org and for details see Cheng, Ping, and Chou
(2014a, b). We initially analyzed 123 spike trains, each containing
at least 200 spikes (most of them much more). The characteristics
of the firing rates in the individual spike trains (calculated across
the spike trains) were: mean = 427.2 ms, median = 193.6 ms,
minimum= 22.6ms,maximum=2908.7ms. To remove influence
of the spike rate, the sequences of ISIs were linearly scaled to have
the same (unit) mean. Although representing spontaneous activity
the spike trains often showed some (rather minor) signs of trend.
We performed a simple procedure (Cox & Lewis, 1966) to exclude
these even slightly non-stationary spike trains. The procedure con-
sisted of two steps. Firstly, the numbers of spikes in consecutive
intervals of length 10 (inmean ISI units) were calculated. Secondly,
significance of a linear regression in these time series was tested.
If the linear trend was significant (at 0.05 significance level), the
spike train was excluded. After this procedure 55 spike trains
remained and were used in the following analysis.

The relationship of FF(w) to HF(w) was explored. Values of
FF(w) and HF(w) were estimated for various values of w (from 0.5
to 15 mean ISI units). Before the estimation, it was necessary to
transform the spike trains to spike counts in these time windows.
The records were divided into segments of the required length
and after each segment an interval of length 2 was discarded to
reduce possible dependencies of the counts. Based on the counts,
the entropy was estimated for every spike train by using formula
(17) with the sample probabilities replacing the real ones. This
simple method may lead to a negative bias of the entropy esti-
mator (Schurmann, 2004). It is caused by the fact that very low
probabilities are not observed in finite samples. To reduce the
influence of this issue on the estimated value of HF(w), an analyti-
cally calculated entropy of the Poisson process in formula (18) was
not used. It was analogously estimated from simulated data with
a number of samples equal to the number of samples available in
the individual records of the experimental data. The purpose was
to have a similar bias in both parts of formula (18), which possibly
reduced the bias of the ratio. The entropy of the Poisson process
was generated 10000 times and averaged tominimize the variance
of the estimator.

The results are shown in Fig. 7. We can see that there is not
a simple linear or at least monotonous relationship between the
values of Fano and entropy factor. In addition, the shape of depen-
dency strongly changes with the size of the counting window. For
small w, initially, increasing values of FF(w) mostly implies larger
values of HF(w), but in accordance with the theoretical results,
the tendency turns over and further increase of FF(w) induces a
decrease of HF(w). For large w, the latter tendency slows down
to practically constant HF(w). From the point of view of a target
neuron it means that higher variability does not automatically
mean lower predictability. Often higher variability implies better
predictability. This is rather counter-intuitive result which should
be kept in mind when simply quantifying the spike trains by
variability of the spike numbers only. The results confirm that the
examined measures show different aspects of the spike trains.

7. Discussion and conclusions

We have defined and studied the entropy-based measure of
randomness of the counting process N(w) with the aim apply-
ing it to analysis of neural spike trains. It was related to other
three commonly used quantities designed to measure the rate-
independent behavior of spike trains—coefficient of variation, Fano
factor and KL distance. As CV measures the variability of ISIs, the
Fano factor reflects the variability of N(w) and the KL distance the
randomness of ISIs, the entropy factor is a natural complement to
these measures, see (e) in Fig. 1. In fact, equally natural would be
application of the KL distance between the observed counts and
Poissonian counts. However, we stressed the analogy to the Fano
factor due to its enormous popularity in neuronal as well as other
studies.

We have studied the entropy factor under assumption that the
spike trains correspond to a renewal process, which can be seen
as a drawback as the real character of spike trains is probably
far more complex. This simplification can be justified by the fact
that neurons must ‘‘read’’ information relatively quickly—based
on short time intervals during which the stationarity might be
(approximately) satisfied. Nevertheless, it could be useful to study
the behavior of HF even for somemore realistic models, at least for
serially dependent ISIs.

Another issue which should be explored in the future is esti-
mation of the entropy factor. To use HF as a randomness measure
for data, it has to be estimable with sufficient reliability but there
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Fig. 7. The relationship of HF(w) to FF(w) in experimental data for the length of the observation window w ∈ {0.5, 1, 2, 3, 5, 7, 10, 15}, where w is in mean ISI units. The
values were calculated individually for 55 spike trains.

is a problem of bias in estimation of entropy (Schurmann, 2004).
In Section 6, we attempted to reduce this bias by creating a similar
bias in the numerator and denominator of definition (18), however,
the character of the bias and efficiency of this method should be
theoretically examined.

We have focused mainly on behavior of the entropy factor in
dependence on the length of the observation window w and on
the relationship between HF(w) and FF(w). The main results can
be summarized using the following points.

• For theoretical evaluation of the entropy factor from re-
newal models, except for large values of CV and low values
ofw, it appears possible to use formula (21). This fact can be
utilized also for experimental data, under the condition of a
careful statistical inference confirming the renewal charac-
ter.

• The entropy factor can be larger than one—Poisson process
does not maximize the entropy of N(w) among the re-
newal processes. It contrasts the fact that the same process
(exponentially distributed ISIs) maximizes the differential
entropy of ISIs. Simultaneously, it is in agreement with the
fact that the Fano factor can take values above (called over-
dispersed) as well as below (under-dispersed) one.

• The extremes of the entropy factor in dependence on w
occur for the observation window around several mean ISIs,
which is the window that might be used by cortical or sen-
sory neurons for information processing. At these windows
the information about randomness is highest and it supports
the possibility of randomness coding. Simultaneously, it
may imply that slow synaptic processes are not involved
in this way of coding. Of course, far detailed experimental
investigation is required for any conclusion, which at this
moment remains as a speculation only.

• One of the main differences of the entropy factor to the
Fano factor is the existence of an upper bound. The Fano
factor (variance) can reach arbitrarily large values, whereas
the entropy of N(w) is bounded from above by the entropy
of geometric distribution and cannot be larger than double
the entropy of a Poisson process with the same intensity.
However, it seems that for a renewal processwith properties

corresponding to a realistic spike train, the values of the
entropy factor cannot be much higher than one. In two
investigated ISIs models, there is a maximum of the entropy
factor which depends on CV. This maximum can be very
close to the upper boundary for short observation window
only.

• Both limits of HF(w) with respect to w (to 0 and ∞) are one.
From the point of view of entropy, a renewal process starts
to behave as a Poisson process and ends the same. However,
the convergence for w → ∞ is very slow.

• The relationship between the entropy factor and the Fano
factor is not linear and often non-monotonic. At several
occasions an increase in variability is accompanied with
decreasing randomness.

All the above summarized results imply that the behavior of the
entropy factor substantially differs from the behavior of the Fano
factor. According to expectations, HF reflects a different aspect of
the intensity independent character of spike trains (randomness)
and thus can be seen as a complement to the commonly used
measures.
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Appendix. Derivation of formula (22)

For deriving formula (22) we assume regularity of the process,
i.e., the probability of occurrence of more than one spike in (0, w]

is negligible for w small. The entropy of N(w) then fully depends
on the probability

p1(w) = P(N(w) = 1). (A.1)

This probability can be calculated from the distribution of the time
up to the first spike, f0(w), which can be expressed (for equilibrium
renewal processes) as, (Cox, 1962),

f0(w) = λ(1 − F (w)). (A.2)



K. Rajdl et al. / Neural Networks 95 (2017) 57–65 65

Then,

p1(w) =

∫ w

0
f0(s) ds = λw −

∫ w

0
F (s) ds. (A.3)

Next, let us have two processes Na(w) and Nb(w) with cumulative
distribution functions Fa(w) and Fb(w), probabilities (A.1) p1,a(w)
and p1,b(w) and the same intensity λ and calculate

lim
w→0

p1,a(w)
p1,b(w)

= lim
w→0

λw −
∫ w

0 Fa(s) ds

λw −
∫ w

0 Fb(s) ds
= lim

w→0

λ − Fa(w)
λ − Fb(w)

= 1. (A.4)

We have proved that in the limit for w → 0 two equilibrium
renewal processes with the same intensity have the same values of
probability (A.1), thus the same entropy, which yields relationship
(22).
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