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1. Úvod

1.1  Vymezení a význam problému

(LQVWHLQRYD� WHRULH� JUDYLWDFH� �� REHFQi� WHRULH� UHODWLYLW\� �� S�HGVWDYXMH� YHOLFH� UR]ViKOê� RERU
WHRUHWLFNp� I\]LN\��Y� MHKRå� UiPFL� MH�GQHV� VWXGRYiQR�YHONp�PQRåVWYt�RWi]HN�DVWURI\]LNiOQtKR� L
kosmologického charakteru.

9�VRXYLVORVWL� V� W]Y�� LQIODþQtPL�PRGHO\�YHVPtUX� >�@�� >��@� VH�RG�SRþiWNX����� OHW� SR]RUQRVW
WHRUHWLN$� ]DP��LOD� QD� VWXGLXP� �HãHQt� (LQVWHLQRYêFK� URYQLF� V� NODGQRX� NRVPRORJLFNRX
NRQVWDQWRX��9�WRPWR�NRQWH[WX�MH�þDVWR�GLVNXWRYiQ�L�W]Y��NRVPRORJLFNê�ÄQR���KDLU³�WHRUpP�>�@�
>��@��>��@��8ND]XMH�VH�WRWLå��åH�YHONi�W�tGD�UR]StQDMtFtFK�VH�YHVPtU$�V�NODGQRX�NRVPRORJLFNRX
NRQVWDQWRX� VH� VYêPL� ORNiOQtPL� YODVWQRVWPL� EOtåt� GH� 6LWWHURYX� �HãHQt�� -HVWOLåH� � LQIODþQt� Ii]H
UR]StQiQt� UDQpKR�YHVPtUX� �SRSVDQi�GH�6LWWHURYêP� �HãHQtP�� QD� VHEH� VNXWHþQ�� YiåH� VSROHþQp
YODVWQRVWL�YãHFK�YHVPtU$�V�NODGQRX�NRVPRORJLFNRX�NRQVWDQWRX��SDN�VH�FHOê�LQIODþQt�VFpQi��MHYt
YHOLFH�S�LUR]HQêP�RG$YRGQ�QtP�VRXþDVQp�KRPRJHQLW\�D�L]RWURSLH�YHVPtUX�

9HOPL� QHGiYQR� E\O� NRVPRORJLFNê� ÄQR�KDLU³� WHRUpP� Y\ãHW�RYiQ� L� ]D� S�tWRPQRVWL
JUDYLWDþQtFK� YOQ� Y� SURVWRURþDVHFK� V� GH� 6LWWHURYVNRX� DV\PSWRWLFNRX� VWUXNWXURX� >��@�� %\OR
XNi]iQR��åH�VH�Y\YLQH�EX�� �GH�6LWWHURYVNê�SURVWRURþDV�V�PDOêPL�SHUWXUEDFHPL�QHER�PHWULND
6FKZDU]VFKLOGRYD� �� GH� 6LWWHURYD� W\SX�� 5RYQ�å� Y� SUiFL� >�@� E\OR� XNi]iQR�� åH� W�tGD
5RELQVRQRYêFK���7UDXWPDQRYêFK�YDNXRYêFK��HãHQt�m>0 a Λ>0 se ve své daleké budoucnosti
EOtåt�DV\PSWRWLFN\�6FKZDU]VFKLOGRY����GH�6LWWHURY��PHWULFH�

8ND]XMH�VH�SURWR�G$OHåLWêP�G$NODGQ��SRFKRSLW�YODVWQRVWL�6FKZDU]VFKLOGRYD���GH�6LWWHURYD
�HãHQt� SRSLVXMtFtKR� VIpULFNp� REMHNW\� Y� LQIODþQtP� PRGHOX� YHVPtUX�� 1D� WRWR� WpPD� E\OD� MLå
SXEOLNRYiQD��DGD�S$YRGQtFK�SUDFt��QDS����>�@��>�@��0pQ��SR]RUQRVWL�E\OR�YãDN�Y�QRYiQR��W]Y�
H[WUpPQtPX�S�tSDGX��NG\�KRGQRWD�NRVPRORJLFNp�NRQVWDQW\�Λ�D�KPRWQRVWL�REMHNWX�0�VSO�XMt
podmínku 9 12ΛM = �� 3�LWRP� Q�NWHUp� YODVWQRVWL� H[WUpPQtKR� �HãHQt� VH� OLãt� RG� REHFQpKR
S�tSDGX��YL]��QDS���>�@��>�@�

6P\VOHP�S�HGNOiGDQp�SUiFH� MH�S�LVS�W�N� WpWR�SUREOHPDWLFH��1XPHULFNêP� �HãHQtP� URYQLFH
JHRGHWLN\� SUR� þiVWLFH� D� WDFK\RQ\� Y� H[WUpPQt� 6FKZDU]VFKLOGRY�� �� GH� 6LWWHURY�� PHWULFH
(9 12ΛM = ) získáváme lepší pochopení její globální struktury.
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�����3R]QiPN\�NH�]QDþHQt

Dohoda:
�HFNp�LQGH[\�SUREtKDMt�KRGQRW\������������
Latinské indexy probíhají hodnoty: 1, 2, 3

1HMþDVW�ML�SRXåtYDQp�]QDþN\�D�V\PERO\�
c 5\FKORVW�VY�WOD

gαβ Metrický tenzor
G *UDYLWDþQt�NRQVWDQWD

Gαβ (LQVWHLQ$Y�WHQ]RU
m Hmotnost
M Hmotnost v

geometrodynamických
jednotkách

r 5DGLiOQt�VRX�DGQLFH
R 6NDOiUQt�N�LYRVW

Rαβ 5LFFLKR�WHQ]RU�N�LYRVWL
Rβδµ

α 5LHPDQQ$Y�WHQ]RU�N�LYRVWL
t ýDVRYi�VRX�DGQLFH

Tαβ Tenzor energie-hybnosti
U uα α, ýW\�U\FKORVW

xα ýDVRSURVWRURYp�VRX�DGQLFH
δβ

α Kroneckerovo delta

Γβγ
α Christoffelovy symboly

ϕ Úhel polární
θ Úhel azimutální
τ 9ODVWQt�þDV��DILQQt�SDUDPHWU

arccotg x Arkuskotangens x
arctg x Arkustangens x
cotg x Kotangens x
tg x Tangens x



3���7HRUHWLFNi�þiVW
2.1. Základní pojmy matematického a fyzikálního aparátu

�������6WUXþQ��R�REHFQp�WHRULL�UHODWLYLW\

5HODWLYLVWLFNi�I\]LND��]YOiãW��SDN�REHFQp�WHRULH�UHODWLYLW\��275���RYOLYQLOD�VYêP�GRVDKHP
QHMHQ�FHORX�I\]LNX��DOH�L�QRYRGRERX�ILOR]RILL��D�MHMt�SR]QDWN\�]QDþQ��]P�QLO\�OLGVNê�QiKOHG�QD
VY�W�

=DWtPFR�Q�NWHUp�SR]QDWN\�VSHFLiOQt�WHRULH�UHODWLYLW\��675��P$åHPH�VSDW�RYDW�MLå�Y�SUDFHFK
3RLQFDUpKR� D�/RUHQW]H�� WHSUYH�$OEHUW�(LQVWHLQ� VH�RGKRGODO� N�Y\VORYHQt� ]iNODGQtFK� SRVWXOiW$
675�D�REHFQi�WHRULH�UHODWLYLW\�MH�SDN�MLå�YêOXþQ��MHKR�GtOHP�

1HEXGH�RG�Y�FL�YHOPL�VWUXþQ��VKUQRXW�YêYRM��NWHUê�YHGO�Då�N�P\ãOHQNiP�275�
-Lå� .�)�*DXVV� XYDåRYDO�� åH� QHQt� G$YRGX� N� WRPX�� DE\� JHRPHWULH� SURVWRUX� E\OD� QXWQ�

HXNOHLGRYVNi�� 9� SRORYLQ�� PLQXOpKR� VWROHWt� VH� %�� 5LHPDQQ� VQDåLO� SURNi]DW�� åH� QHQt� QXWQp
SRYDåRYDW�SURVWRU�]D�VDPRVWDWQRX�PDWHPDWLFNRX�HQWLWX�VWRMtFt�PLPR�KPRWX�D�EH]�Y]WDKX�N�Qt�
.ROHP�U�������WXWR�P\ãOHQNX�GiOH�UR]YtMHO�(��0DFK�D�GRVS�O�N�]iY�UX��åH�LQHUFLiOQt�YODVWQRVWL
REMHNW$� MVRX� SRGPtQ�Q\� UR]ORåHQtP� KPRW\� Y� FHOpP� YHVPtUX� �YL]�� >��@��� � 3URVWRU� �MHKR
JHRPHWULH��MH�WHG\�G\QDPLFNêP�SUYNHP��]iYLVOêP�QD�GLVWULEXFL�KPRW\�Y�Q�P�

0DFKRY\�WHRULH�R�S$YRGX�NRVPLFNêFK�VHWUYDþQêFK�VLO�SR]LWLYQ��RYOLYQLO\�$OEHUWD�(LQVWHLQD
S�L� NRQFLSRYiQt� 275�� NWHUi� Y� SRGVWDW�� ]QDPHQDOD� NRPSOHWQt� UHYL]L� GRVDYDGQtFK� S�HGVWDY
SURVWRUX�D�þDVH��9\WYR�HQt�QHGtOQpKR�FHONX���SURVWRURþDVX��MHKRå�JHRPHWULFNp�YODVWQRVWL��MVRX
S�tPR� XUþHQ\� GLVWULEXFt� KPRW\� Y� Q�P�� ]QDPHQi� ]iVDGQt� REUDW� Y� Qi]RUHFK� QD� SRGVWDWX
JUDYLWDFH�� �6NXWHþQ��� W�åLãW�P�275�MVRX� W]Y�� URYQLFH�JUDYLWDþQtKR�SROH� �(LQVWHLQ� MH�QDOH]O� U�
�������DYãDN�WHRULH�MDNR�WDNRYi�DVSLUXMH�L�QD�REHFQ�Mãt�SRSLV�YHãNHUêFK�I\]LNiOQtFK�]iNRQLWRVWt
YHVPtUX� YH� YHONêFK� P��tWNiFK� �PDNURVY�W� D� PHJDVY�W��� 9\EXGRYiQD� QD� YHOPL� REHFQêFK
myšlenkách (princip ekvivalence, princip obecné kovariance), dovoluje ve svém rámci popsat
D�]REHFQLW�L�Q�NWHUp�RVWDWQt��I\]LNiOQt�WHRULH�PDNUR��D�PHJDVY�WD�

*UDYLWDFH� Pi� YãDN� PH]L� RVWDWQtPL� LQWHUDNFHPL� Y� S�tURG�� ]YOiãWQt� PtVWR�� QHER"� S$VREt
ÄXQLYHU]iOQ�³� �� JUDYLWDFL� QHP$åHPH� QLNWHUDN� RGVWtQLW�� MH� YODVWQt� MDNpNROL� IRUP�� KPRW\� �D
SRWDåPR� WtP� L� HQHUJLL���275� Y\VY�WOXMH� SRGVWDWX� JUDYLWDFH� SRPRFt� JHRPHWULH� þDVRSURVWRUX�
SRSVDQRX�]iNODGQt�YHOLþLQRX�FHOp�WHRULH���PHWULFNêP�WHQ]RUHP�gαβ��2GVWUD�XMH�DOH�L�QHVRXODG\Y�1HZWRQRYVNp� WHRULL� JUDYLWDFH� �� S$VREHQt�QD�GiONX�� VWHMQp� ]U\FKOHQt� XGtOHQp� Y� JUDYLWDþQtP
SROL�YãHP�REMHNW$P�� ����� DOH� L� GUREQp� DYãDN�SULQFLSLiOQt� QHVRXODG\� V� H[SHULPHQWHP� �� VWiþHQt
0HUNXURYD�SHULKpOLD�R�S�LEOLåQ����¶¶�]D�VWROHWt�DSRG���6WiOH�SUREtKDMt�QRYp�D�QRYp�H[SHULPHQW\
V�PRGHUQ�MãtPL� D� � S�HVQ�MãtPL�S�tVWURML�� DYãDN�GR�GQHãQtKR�GQH�QHE\O�QDOH]HQ� MHGLQê� UR]SRU
PH]L� S�HGSRY�Gt� 275� D� VNXWHþQRVWt�� 1DPiWNRX� MPHQXMPH� QDS��� RK\E� SDSUVN$� YOLYHP
JUDYLWDþQtKR�SROH�VOXQFH��GiOH�SRNXV\�5HEN\�D�3RXQGD�QD�P��HQt�UXGpKR�SRVXYX��DOH�L�REMHY
GYRMQpKR� SXOVDUX� 365� �������� �QD]êYDQpKR� SUR� VYRX� YKRGQRVW� NH� ]NRXPiQt� HIHNW$� 275
ÄUHODWLYLVWLFNRX� ODERUDWR�t³�� QHER� UHQWJHQRYê� ]GURM� &\J� ;���� MHå� MH� SUDYG�SRGREQ�� SUYQt
SR]RURYDQRX��þHUQRX�GtURX�

'tN\� VYêP�YêãH� SRSVDQêP� VNXWHþQRVWHP�P$åH� EêW�275� DSOLNRYiQD� QD� RWi]N\� Y]QLNX� D
YêYRMH�QDãHKR�YHVPtUX��7DWR�REODVW�YVNXWNX�]D]QDPHQDOD�RKURPQê�SRNURN���S�LSRPH�PH�MHQ
IRUPXODFL� VWDQGDUGQtFK� NRVPRORJLFNêFK� PRGHO$�� Y]QLN� UHODWLYLVWLFNp� DVWURQRPLH� DSRG�� .H
NRPSOHWQtPX� SRSLVX� YêYRMH� YHVPtUX� MH� YãDN� QXWQR� SRXåtW� L� ]iNRQ\� PLNURI\]LN\� D� ]GH
S�LFKi]tPH�N�]iVDGQtPX�SUREOpPX��QHER"�NYDQWRYi�PHFKDQLND�QHQt�GRVXG�VOXþLWHOQi�V
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OTR. Je tedy úkolem moderní teoretické fyziky najít jednotnou (unitární) teorii popisující
YãHFKQ\�GUXK\�LQWHUDNFt�D�GRNRQþLW�WDN�SURFHV�VMHGQRFRYiQt�YH�I\]LFH�

=iY�UHP�E\�E\OR�YKRGQp�]PtQLW� L� MLQp� WHRULH�JUDYLWDFH��-Lå�Y�GRE��S�HG�275�E\O\�þLQ�Q\
SRNXV\�QD�XVSRNRMLY�Mãt�Y\VY�WOHQt�WRKRWR�IHQRPpQX��,�E�KHP�YêYRMH�275�D�SR�Q�P�Y]QLNDO\
WHRULH�SRSLVXMtFt�JUDYLWDþQt�SROH�MDNR�þLVW��VNDOiUQt��YHNWRURYp�QHER�WHQ]RURYp��-VRX�DOH�L�GDOãt�
QDS���W]Y��%UDQVRYD�'LFNHRYD�WHRULH��NWHUi�MH�Y�SRGVWDW��PRGLILNRYDQRX�(LQVWHLQRYVNRX�WHRULL�
Y\FKi]t� S�LWRP� ]H� VLOQpKR� 0DFKRYD� SULQFLSX�� =DMtPDYp� MH�� åH� 275� MH� ]H� YãHFK� RVWDWQtFK
NDQGLGiW$� QD� ~SOQRX� WHRULL� JUDYLWDFH� QHMHQ� Y� QHMOHSãtP� VRXODGX� V� H[SHULPHQWHP�� DOH� MH� Y
SRGVWDW���WDNp�QHMMHGQRGXããt�D�QHMS�LUR]HQ�Mãt��2VWDWQt�WHRULH�REVDKXMt��NURP��MLQêFK�QHYêKRG�
U$]Qp�� S�HGHP� QHXUþHQp� SDUDPHWU\�� NWHUp� MH�PRåQR� D� QXWQR� QDVWDYLW� WDN�� DE\� GRãOR� N� MHMLFK
VRXK�H�V�P��HQtP�
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���������=iNODG\�WHQ]RURYpKR�SRþWX

=YROPH�Y�SURVWRUX� W�L� QHNRPSODQiUQt� YHNWRU\� �W�M�� QHOHåtFt� Y� MHGQp� URYLQ���� VWDQGDUGQ�� MH
R]QDþPH� e e e1 2 3, , ��-H�MLPL�MHGQR]QDþQ��XUþHQD��ORNiOQt�VRXVWDYD�VRX�DGQLF�WDN��åH�NDåGê�YHNWRU
a �P$åHPH�]DSVDW�SUiY��MHGQtP�]S$VREHP�YH�WYDUX�

a e e e= + +a a a1
1

2
2

3
3                                                (1)

ýtVOD� a1, a2, a3� VH� QD]êYDMt� NRQWUDYDULDQWQt� VRX�DGQLFH� YHNWRUX� a � Y� VRXVWDY�� e e e1 2 3, , .
=YROtPH�OL�Y�SURVWRUX�MLQp�W�L�QHNRPSODQiUQt�YHNWRU\� ′ ′ ′e e e1 2 3, , ��.�þiUNRYDQp�VRXVWDY��P$åHPH
S�HMtW�SRPRFt�URYQLF�

′ = + +

′ = + +

′ = + +

e e e e

e e e e

e e e e

1 1
1

1 1
2

2 1
3

3

2 2
1

1 2
2

2 2
3

3

3 3
1

1 3
2

2 3
3

3

e e e

e e e

e e e

                                               (2)

Neboli:

′ =
=

∑e ei i

j

j

j

e
1

3

9� WHQ]RURYpP� SRþWX� MH� YãDN� ]Y\NHP� Y\XåtYDW� W]Y�� VRXþWRYp� NRQYHQFH�� NWHUi� XPRå�XMH
]HVWUXþQLW�D�]S�HKOHGQLW�PDWHPDWLFNê�]iSLV�Y\QHFKiQtP�VXPDþQtKR�V\PEROX�Σ��6SRþtYi�Y�WRP�
åH�SRNXG� VH�Y� VRXþLQX�Y\VN\WXMH�Q�NWHUê� LQGH[�GYDNUiW�� SDN� VþtWiPH�S�HV�YãHFKQ\� KRGQRW\�
NWHUêFK�WHQWR�LQGH[�P$åH�QDEêYDW��5RYQRVW�����WHG\�]DSLVXMHPH�WDNWR�

a e e e e e= + + = =
=
∑a a a a ai

i

i

i

i

1
1

2
2

3
3

1

3

7RKRWR�SUDYLGOD�EXGHPH�L�QDGiOH�XåtYDW���7UDQVIRUPDþQt�URYQLFH�����VWUXþQ��S�HStãHPH�
′ =e ei i

j

je                                                           (3)

Matice ei

j �VH�QD]êYi�PDWLFH�S�HFKRGX��-HOLNRå�MH�MHMt�GHWHUPLQDQW�QHQXORYê�P$åHPH�S�HMtW
RG�þiUNRYDQp�]S�W�N�QHþiUNRYDQp�VRXVWDY��VRX�DGQLF�DQDORJLFN\�

e ei i

j

jf= ′

Matice  fi
j  je maticí inverzní k ei

j .  Ptáme se, jak se budou pomocí (2) a (3) transformovat
NRQWUDYDULDQWQt�VRX�DGQLFH�YHNWRUX�a �]�QHþiUNRYDQp�GR�þiUNRYDQp�VRXVWDY\��9]KOHGHP�N�����D
����SRXåLMHPH�PDWLFL�WUDQVSRQRYDQRX�N�PDWLFL� fij , tedy matici fj

i  a bude platit:

′ =a f ai

j

i j                                                          (4)

$�DQDORJLFN\�SUR�S�HFKRG�RG� ′ ′ ′e e e1 2 3, ,  k e e e1 2 3, , :

a eai

j

i j= ′                                                         (5)

Vzhledem k definici matice inverzní k dané matici musí také platit:
e fj

i

i

k

j

k= δ                                                           (6)

Symbol δ j

k �VH�QD]êYi�.URQHFNHURYR�GHOWD�D�SODWt�SUR�Q�M�
δ j

k
k j

k j
=

=
≠





1

0

pro  

pro 

0iPH�OL� GHILQRYiQ\� NRQWUDYDULDQWQt� VRX�DGQLFH� YHNWRUX�� ]DYHGHPH� L� NRYDULDQWQt
VRX�DGQLFH��8åLMHPH�N�WRPX�PDWLFL�
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gij i j= e e.                                                          (7)

kde ei �MVRX�YHNWRU\�QHþiUNRYDQp�Ei]H��3RWRP�
a g a

a g a

a g a

j

j

j

j

j

j

1 1

2 2

3 3

=

=

=

                                                         (8)

XUþXMt�W]Y��NRYDULDQWQt�VRX�DGQLFH�YHNWRUX�� a �Y�VRXVWDY��XUþHQp� ei ��=EêYi�MHãW��GRGDW���åHSRGREQ�� MDNR�VYêPL�NRQWUDYDULDQWQtPL� VRX�DGQLFHPL� MH� L� VYêPL�NRYDULDQWQtPL� VRX�DGQLFHPL
YHNWRU�Y�GDQp�Ei]L� MHGQR]QDþQ��XUþHQ��7UDQVIRUPDþQt�Y]WDK\�SUR�NRYDULDQWQt�VORåN\�YHNWRUX
a  jsou:

′ =

= ′

a e a

a f a

i i

j

j

i i

j

j

                                                         (9)

3RPRFt�NRQWUDYDULDQWQtFK�D�NRYDULDQWQtFK�VORåHN�YHNWRUX�P$åHPH�GHILQRYDW�MHKR�VNDOiUQt
VRXþLQ�V�MLQêP�YHNWRUHP��7DN�SUR�YHNWRU\�a a b  platí:

a b. = = =ab ab g abi

i i

i

ij

j i                                              (10)

9LGtPH��åH�NRQWUDYDULDQWQt�UHVS��NRYDULDQWQt�VORåN\�YHNWRUX���WHG\�WURMLFH�þtVHO��ai resp. ai)MVRX�S�L�D]HQD� a �Y�GDQp�VRX�DGQp�VRXVWDY�� ORNiOQ��XUþHQp� ei �D�WUDQVIRUPXMt�VH�S�HVQ��SRGOHGDQêFK�SUDYLGHO���YL]�����������D������7RKRWR�Y\XåLMHPH�N�REHFQp�GHILQLFL�WHQ]RUX�
�HNQHPH��åH�Y�GDQp�VRXVWDY��VRX�DGQLF�XUþHQp� ei  máme dán tenzor m krát kontravariantní

a n NUiW� NRYDULDQWQt�� MHVWOLåH� MH� VRXVWDY�� XUþHQp� ei � S�L�D]HQR� �m+n� þtVHO� tstv

lmn
...
... , která se

WUDQVIRUPXMt�GR�VRX�DGQpKR�V\VWpPX�XUþHQpKR� ′ei �SRGOH�Y]RUF$�
′ =t f f f e e e tpqr

ijk

l

i

m

j

n

k

A

p

s

q

t

r

v

B

stv

lmn

...
...

...
...... ...

	
� �� 	
� ��
                                           (11)

=� GHILQLFH� MH� MDVQp�� åH� SRþHW� KRUQtFK� �ÄNRQWUDYDULDQWQtFK³�� LQGH[$� MH� m�� SRþHW� GROQtFK
(„kovariantních“) je n�� &HONRYê� SRþHW� þtVHO� MH� SDN� �m+n� QHER"� XYDåXMHPH� �� UR]P�U\�
9ãLPQ�PH�VL�DQDORJLH�V�WUDQVIRUPDþQtPL�Y]RUFL����������D������9�S�tSDG�������MVPH�QHMSUYH�Y
þiVWL�$�WUDQVIRUPRYDOL�NRQWUDYDULDQWQt�VORåN\�WHQ]RUX� tstv

lmn
...
... �� �Y� �þiVWL�%�SDN� MHKR�NRYDULDQWQt

VORåN\��7HQ]RU�SUR�NWHUê�MH�m=0 resp. n=0 se nazývá kovariantní resp. kontravariantní tenzor.
'iOH�VRXþHW�þtVHO�m+n�XUþXMH��iG�WHQ]RUX��QDS���WHQ]RU�GUXKpKR��iGX��

9�VRXODGX�V�S�HGHãOêP�RGVWDYFHP�P$åHPH�VNDOiU�SRYDåRYDW�]D�WHQ]RU�QXOWpKR��iGX��YHNWRU
]D�WHQ]RU�SUYpKR��iGX�

9ãLPQ�PH�VL�EOtåH�þtVHO�gij � � GHILQRYDQêFK�Y� ����� ,� RQ\� MVRX� MHGQR]QDþQ�� S�L�D]HQ\�NDåGpVRXVWDY�� VRX�DGQLF� XUþHQp� ei � D� WUDQVIRUPXMt� VH� SRGOH� Y]RUFH� ������ 7YR�t� WHG\� VRX�DGQLFHGYDNUiW�NRYDULDQWQtKR�WHQ]RUX�]YDQpKR�PHWULFNê�WHQ]RU��-HKR�NOtþRYpKR�Yê]QDPX�SUR�275�VL
YãLPQHPH�YtFH�QD�S�tVOXãQêFK�PtVWHFK��Det gij ≠ 0��WDNåH�MH�PRåQR�VHVWURMLW�L�LQYHU]Qt�PDWLFL
k gij, dvakrát kontravariantní metrický tenzor gij a platí (viz. (6)):

g gij

jk

i

k= δ
7R��FR�MVPH�]GH�XYHGOL�SUR�WHQ]RU\�GHILQRYDQp�Y�WURMUR]P�UQpP�SURVWRUX�SODWt�]FHOD�REHFQ�

L� SUR� WHQ]RU\� GDQp� YH� þW\�HFK� D� YtFH� UR]P�UHFK�� 9� QDãHP� S�tSDG�� VWDþt� SRX]H� IRUPiOQ�
]DP�QLW�ODWLQVNp�LQGH[\�]D��HFNp��YL]��NDS���������'DQRX�VRXVWDYX�VRX�DGQLF�SDN
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P$åHPH�ORNiOQ��XUþLW����QHNRPSODQiUQtPL�YHNWRU\�eα ���SRþHW�WUDQVIRUPDþQtFK�URYQLF�����VH
]Yêãt�QD����FHONRYê�SRþHW�REHFQ��QH]iYLVOêFK�VORåHN�WHQ]RUX�QDS����tγ

αβ  je 4(2+1)=64, atd.

9�275�þDVWR�SRþtWiPH�VH�Y]GiOHQRVWPL�EOt]NêFK�ERG$��2GHþWHQtP�WUDQVIRUPDþQtFK�Y]RUF$
�QDS��� ����� Y� U$]QêFK� ERGHFK� GRVWDQHPH� Y]WDK� SUR� WUDQVIRUPDFL� UR]GtOX� VRX�DGQLF�� WHG\
�S�HFKi]tPH�N��HFNp�LQGH[DFL��

∆ ∆′ =x f xα
β
α β                                                   (12)

kde ∆ ∆′x xα β, �]QDþt�S�tVOXãQp�UR]GtO\�� fβα  má analogický význam jako fj

i  zavedená v (3). V

275� MH� YãDN� YKRGQp� S�HFKi]HW� N� PHQãtP� D� PHQãtP� UR]GtO$P� VRX�DGQLF�� XYDåXMHPH
�QHNRQHþQ�� PDOp�� W]Y�� LQILQLWHVLPiOQt� S�tU$VWN\� VRX�DGQLF�� SRþtWiPH� SRGOH� SUDYLGHO
GLIHUHQFLiOQtKR�SRþWX�

dx f dx′ =α
β
α β                                                     (13)

2]QDþPH�VL�þiUNRYDQê�VRX�DGQê�V\VWpP� ′x α �D�QHþiUNRYDQê� xα ��S�LþHPå� ′x α  jsou spojitou
GLIHUHQFRYDWHOQRX�IXQNFt�SURP�QQêFK� xα �D�QDRSDN��6WUXþQ��]DStãHPH�

( )
( )

′ = ′

= ′

x x x

x x x

α α β

α α β
                                                   (14)

'tN\�WpWR�SRGPtQFH�P$åHPH�GLIHUHQFLiO�dx′α �]H������Y\MiG�LW�WDNp�WDNWR�
dx

x

x
dx′ = ′α

α

β
β∂

∂
                                                  (15)

Porovnáním (15) a (13) dostáváme:
∂
∂

α

β β
α′ =x

x
f                                                       (16)

7HQWR�Y]WDK�MH�YHOLFH�Yê]QDPQê��QHER"�QiP��tNi��MDN�WUDQVIRUPRYDW�WHQ]RURYp�YHOLþLQ\�]D
S�HGSRNODGX������Y�VRXODGX�V������

′ = ′ ′ ′
′ ′ ′

t
x

x

x

x

x

x

x

x

x

x

x

x
tµρσ

αβγ
α

ν

β

ϖ

γ

π

η

µ

κ

ρ

λ

σ ηκλ
νϖπ∂

∂
∂
∂

∂
∂

∂
∂

∂
∂

∂
∂...

...
...
...... ...                           (17)

1\Qt�P$åHPH�GHILQRYDW�Q�NWHUp�]iNODGQt�RSHUDFH�V�WHQ]RU\�
6þtWiQt�P$åHPH�SURYpVW�SRNXG�RED� WHQ]RU\� MVRX� VWHMQpKR� W\SX� �m krát kontravariantní, n

krát kovariantní):
a b cγδ

αβ
γδ
αβ

γδ
αβ

...
...

...
...

...
...= +

Násobení� WHQ]RU$�� MH�OL� bγδ
αβ

...
...  m1 krát kontravariantní a n1 krát kovariantní, cµλ

σρ
...
...  m2 krát

kontravariantní a n2 krát kovariantní, pak:
a b cγδ µλ

αβ σρ
γδ
αβ

µλ
σρ

... ...
... ...

...
...

...

...=

kde aγδ µλ
αβ σρ

... ...
... ...  je tenzor (m1 + m2) krát kontravariantní a (n1 + n2) krát kovariantní.

=~åHQt� WHQ]RUX� MH�RSHUDFH�� S�L� NWHUp� VþtWiPH�S�HV� OLERYROQp�GYD� � LQGH[\� D� GRVWiYiPH� WDN
WHQ]RU��iGX�R�GYD�VWXSQ��QLåãt��1DS���

a b bδ
γ

αδ
αγ

αδ
αγ

α

= =
=

∑
0

3

.H�NDåGpPX�WHQ]RUX�m krát kontravariantnímu a n krát kovariantnímu lze sestrojit tenzor
(m+n) krát kovariantní, resp. (m+n) krát kontravariantní pomocí operací:
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a g g a

a g g a

αβ γδ ασ βρ γδ
σρ

αβ γδ ασ βρ
σρ
γδ

... ... ...
...

... ...
...
....

=

=

resp.

7HþNRX�Y\]QDþXMHPH��X�NWHUêFK�LQGH[$�VH�WDN�VWDOR��QDS���
a g a.βγ

α ασ
σβγ=

Symetrický� WHQ]RU�Y]KOHGHP�N�GDQêP�GROQtP�UHVS��KRUQtP� LQGH[$P�QD]êYi�VH� WHQ�� MHKRå
KRGQRWD�VH�S�L�OLERYROQp�SHUPXWDFL�W�FKWR�LQGH[$�QHP�Qt��1DS���PHWULFNê�WHQ]RU�

g gαβ α β β α βα= = =e e e e. .

Antisymetrický� WHQ]RU� Y]KOHGHP� N� GDQêP� GROQtP� UHVS�� KRUQtP� LQGH[$P� QD]êYi� VH� WHQ�
MHKRå�KRGQRWD��S�L�YêP�Q��OLERYROQêFK�GYRX��W�FKWR�LQGH[$�]P�Qt�]QDPpQNR��1DS���

a aαβ βα= −

1D�]iY�U�MH�YKRGQp�Y\]YHGQRXW�Yê]QDP�WHQ]RURYpKR�SRþWX�SUR�275��-HGHQ�]H�]iNODGQtFK
SULQFLS$� 275� �� SULQFLS� REHFQp� NRYDULDQFH� WRWLå� åiGi�� DE\� I\]LNiOQt� ]iNRQ\�P�O\� YH� YãHFK
Y]WDåQêFK�VRXVWDYiFK�VWHMQê�WYDU��9ãLPQ�PH�VL�WRKR��åH�WUDQVIRUPDFt�WHQ]RUX�GR�MLQp�VRXVWDY\
VRX�DGQLF�REGUåtPH�RS�W�WHQ]RU��-LQêPL�VORY\���SRNXG�VH�QiP�SRGD�t�]DSVDW�I\]LNiOQt�]iNRQ\
YH� IRUP�� WHQ]RURYêFK� YHOLþLQ� D� GLIHUHQFLiOQtFK� URYQLF� PH]L� QLPL�� EXGH� SULQFLS� REHFQp
NRYDULDQFH��LQYDULDQFH��VSOQ�Q�
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2.1.3.  Derivace kovar iantní a absolutní

1D� NRQFL� PLQXOp� NDSLWRO\� MVPH� ]PtQLOL� QXWQRVW� ]iSLVX� I\]LNiOQtFK� ]iNRQ$� YH� IRUP�
WHQ]RURYêFK� YHOLþLQ� D� GLIHUHQFLiOQtFK� URYQLF� PH]L� QLPL�� =NXVPH� VH� Q\Qt� EOtåH� SRGtYDW� QD
FKDUDNWHU�GHULYDFH�Y�REHFQ��]DN�LYHQpP�SURVWRURþDVH�

0�MPH� GiQR� Q�MDNp� REHFQp� YHNWRURYp� SROH� Aα . Parciální derivací tohoto pole podle
VRX�DGQLF� xβ �]MLã"XMHPH��MDN�VH�WRWR�SROH�P�Qt�V�PtVWHP��-H�GiQD�MDNR�OLPLWQt�SRGtO�

( ) ( )∂
∂

α

β β
α

α β β α β

ββ

A

x
A

A x x A x

xx
= =

+ −
→

, lim
∆

∆
∆0

                                 (18)

NGH� MVPH�SDUFLiOQt� GHULYDFL� R]QDþLOL� V\PEROLFN\� þiUNRX��+RGQRWX� Aα � SRþtWiPH� YH� GYRX
U$]QêFK� ERGHFK�� x xβ β+ ∆  a xβ �� -HOLNRå� YãDN� XYDåXMHPH� REHFQ�� ]DN�LYHQê� SURVWRURþDV�� MH
MDVQp��åH�KRGQRW\�YHNWRUX�Aα �MVRX�Y]WDåHQ\�N�U$]QêP�ORNiOQtP�Ei]tP��GDQp�Y�NDåGpP�ERG��
D� WR� SUiY�� Y� ERGHFK� x xβ β+ ∆  a xβ �� ýLOL� RE�� KRGQRW\� QHP$åHPH� S�tPRþD�H� SRURYQiYDW�
'DOãtP�]�HMPêP�SUREOpPHP� MH� WR�� åH� VH� WDWR�GHULYDFH� �A,β

α ) netransformuje jako tenzorová

YHOLþLQD��MHOLNRå�PDWLFH�WUDQVIRUPDFH�VH�REHFQ��Y�U$]QêFK�ERGHFK�OLãt�
�HãHQtP�EXGH�SRþtWDW�OLPLWQt�SRGtO������Y�MHGQRP�ERG���WHG\�S�HQpVW�YHNWRU� ( )A x xα β β+ ∆

]S�W�GR�ERGX�R�VRX�DGQLFtFK� xβ �D�]GH�Y\SRþtWDW�S�tVOXãQRX�GHULYDFL���3�LWRP�VH�RYãHP�VORåN\
vektoru Aα �]P�Qt�R�Q�MDNRX�KRGQRWX�δ αA ��3UR�MHMLFK�KRGQRWX�]DYHGHPH�REHFQ��Y]WDK�

( )δ α
µβ
α µ βA A x= − −Γ ∆                                             (19)

NGH�YHOLþLQD�Γµβ
α �]QDþt�W]Y��&KULVWRIIHORY\�V\PERO\��-HMLFK�Yê]QDPX�VL�EOtåH�YãLPQHPH�Då�Y

QiVOHGXMtFt�NDSLWROH��-H�W�HED�]G$UD]QLW��åH�&KULVWRIIHORY\�V\PERO\�QHWYR�t�WHQ]RU�W�HWtKR��iGX�
9� MHGQp� VRXVWDY�� VRX�DGQLF� PRKRX� EêW� QHQXORYp�� D� Y� MLQp� VRXVWDY�� Y� WpPåH� ERG�� QDRSDN
mohou mít všechny hodnotu nula.

3UR�SDUDOHOQt�S�HQRV�REHFQpKR�WHQ]RUX�SODWt��S�HQiãtPH�OL�R�−∆xν ):

δ γδ
αβ

µν
α

γδ
µβ ν

µν
β

γδ
αµ ν

γν
µ

µδ
αβ ν

δν
µ

γµ
αβ νt t x t x t x t x...

...
...
...

...
...

...
...

...
...... ...= + − −Γ ∆ Γ ∆ Γ ∆ Γ ∆                 (20)

2]QDþtPH�OL�VORåN\�SDUDOHOQ��S�HQHVHQpKR�YHNWRUX�]�ERGX� x xβ β+ ∆ do xβ jako A α , pak pro
Q��SRXåLWtP������StãHPH�

( ) ( )A x x A x x A xα β β α β β
µβ
α µ β+ = + +∆ ∆ Γ ∆                               (21)

1\Qt�MLå�P$åHPH�GRVDGLW�GR�Y]WDKX�SUR�GHULYDFL������D�GRVWDQHPH�
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( ) ( ) ( ) ( )
A

A x x A x

x

A x x A x A x

xx x
; lim limβ
α

α β β α β

β

α β β
µβ
α µ β α β

ββ β
=

+ −
=

+ + −
→ →∆ ∆

∆
∆

∆ Γ ∆
∆0 0

     (22)

7DWR�GHULYDFH�VH�QD]êYi�NRYDULDQWQt�D�]QDþtPH� ML� V\PEROLFN\�VW�HGQtNHP�� �ÒSUDYRX� �����
dostaneme:

A A A; ,β
α

β
α

µβ
α µ= + Γ                                                    (23)

.RYDULDQWQt� GHULYDFH� Pi� WHQ]RURYp� WUDQVIRUPDþQt� YODVWQRVWL� D� QDKUD]XMH� RE\þHMQRX
SDUFLiOQt� GHULYDFL� QD� ]DN�LYHQêFK� SURVWRUHFK�� 'iOH� GRGHMPH�� åH� NRYDULDQWQt� GHULYDFL
kovariantního vektoru zapíšeme jako:

A A Aα β α β αβ
µ

µ; ,= − Γ                                                 (24)

1\Qt�MLå�P$åHPH�VHVWURMLW�]iNRQ�SUR�NRYDULDQWQt�GHULYRYiQt�REHFQpKR�WHQ]RUX�XåLWtP������
(23) a (24):

t t t t t tγδ ν
αβ

γδ ν
αβ

µν
α

γδ
µβ

µν
β

γδ
αµ

γν
µ

µδ
αβ

δν
µ

γµ
αβ

...;
...

...,
...

...
...

...
...

...
...

...
...... ...= + + − −Γ Γ Γ Γ                      (25)

'DOãt�RWi]NRX�MH��MDN�SRVWXSRYDW�Y�S�tSDG���NG\�YHNWRURYp�SROH�GHULYXMHPH�SRGOH�Q�MDNpKR
SDUDPHWUX� QDS���u� �UHVS�� SRGOH� N�LYN\� GDQp� ( )x x uα α= ��� S�LþHPå� WRWR� SROH� MH� GiQR� EX�� Y
FHOpP�RNROQtP�SURVWRUX�QHER�DOHVSR��QD�N�LYFH�GDQp� ( )x x uα α= . Zapíšeme-li si tuto derivaci

jako (v analogii s (18)):

( )( ) ( )( ) ( )( )dA x u

du

A x u u A x u

uu

α β α β α β

=
+ −

→
lim
∆

∆
∆0

                              (26)

YLGtPH��åH�VH�RFLWiPH�Y�SRGREQp�VLWXDFL�MDNR�X�������DOH�WHQWR�SUREOpP�PiPH�MLå��Y\�HãHQ�
9\MiG�tPH�OL�VL�

∆ ∆x
dx

du
uβ

β

=

P$åHPH�]DYpVW�W]Y��DEVROXWQt�GHULYDFL��WM��GHULYDFL�V�S�tVOXãQRX�ÄRSUDYRX³�VORåHN�YHNWRUX�D
WtP�SiGHP�XSUDYHQRX�SUR�SRXåLWt�Y�]DN�LYHQêFK�SURVWRURþDVHFK��$EVROXWQt�GHULYDFL�SROH� Aα

podle parametru u získáme (viz. kovariantní derivace):
DA

du

dA

du
A

dx

du

α α

βµ
α β

µ

= + Γ                                            (27)

-HVWOLåH� MH� SROH� Aα GHILQRYiQR� L� Y� RNROt� N�LYN\� ( )x x uα α= �� P$åHPH� ]DSVDW� Y]WDK� PH]L
absolutní a kovariantní derivací takto:

DA

du
A

dx

du

α

µ
α

µ

= ;
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2.1.4.  Rovnice geodetiky

3RGOH�SULQFLSX�HNYLYDOHQFH�MH�PRåQR�Y�NDåGpP�ERG��SURVWRURþDVX�]DYpVW�ORNiOQ� inerciální
V\VWpP�� 7R� SODWt� L� ]D� S�tWRPQRVWL� JUDYLWDþQtKR� SROH�� FRå� O]H� RY��LW� ]QiPêP� SRNXVHP�� NG\
S�HGP�W\�SRK\EXMtFt�VH�YROQ��Y�JUDYLWDþQtP�SROL�VH�QDFKi]HMt�YH�VWDYX�EH]WtåH�

6OHGXMPH�WHG\�SRK\E�þiVWLFH�Y�ORNiOQ��LQHUFLiOQt�VRXVWDY�� ′x α . Musí zde platit:

d x

d

2

2
0

′ =
α

τ
                                                   (28)

3�LSRPH�PH�� åH� SURP�QQi� τ� ]QDþt� YODVWQt� þDV� þiVWLFH� �LQYDULDQWQt� YHOLþLQD��� VSRþWHQê� QD
]iNODG��]QiPpKR�Y]RUFH�]H�675�

d
c

ds ds c dt dx dy dzτ = − = − + + +1 2 2 2 2 2 2 2   kde   

ds2�]QDþt�W]Y��þW\�LQWHUYDO��WDNp�LQYDULDQWQt�YHOLþLQD���NWHUê�]DStãHPH�Y�HNYLYDOHQWQtP�WYDUX
Y�VRX�DGQLFtFK� ′x α :

ds dx dx2 = ′ ′ηαβ
α β                                                (29)

kde ηαβ �MH�W]Y��0LQNRZVNpKR�WHQ]RU�VH�VORåNDPL�

ηαβ =

−

















1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

7UDQVIRUPXMPH�Q\Qt�þW\�LQWHUYDO������GR�REHFQêFK�VRX�DGQLF� xα . (Viz. kap. 2.1.2.):

( )′ = ′

′ = ′

x x x

dx
x

x
dx

α α β

α
α

β
β∂

∂

WDNåH�Y�REHFQêFK�VRX�DGQLFtFK�P$åHPH�SViW�

ds
x

x

x

x
dx dx g dx dx2 = ′ ′ =η ∂

∂
∂
∂αβ

α

µ

β

ν
µ ν

µν
µ ν                                 (30)

�9ãLPQ�PH�VL�PHWULFNpKR�WHQ]RUX��1i]HY�ÄPHWULFNê³�MH�MDN�SDWUQR�RG$YRGQ�Q�WtP��åH�QiP
XPRå�XMH� XUþRYDW� SURVWRURþDVRYp� LQWHUYDO\� ������ =iURYH�� ]GH� VSO�XMH� WUDQVIRUPDþQt� Y]WDK\
uvedené v kapitole 2.1.2.)

η ∂
∂

∂
∂αβ

α

µ

β

ν µν
′ ′ =x

x

x

x
g                                                (31)

1DNRQHF�MHãW��]REHFQtPH�Y]WDK�SUR�dτ:



12

d
c

g dx dxτ µν
µ ν= −1

                                            (32)

7UDQVIRUPXMPH�Q\Qt�FHORX�URYQLFL�YROQpKR�SRK\EX�þiVWLFH������GR�REHFQêFK�VRX�DGQLF�
d

d

dx

d

d

d

x

x

dx

d

d

d

x

x

dx

d

x

x

d

d

dx

dτ τ τ
∂
∂ τ τ

∂
∂ τ

∂
∂ τ τ

α α

β

β α

β

β α

β

β′





 = ′






 = ′






 + ′ 








Upravíme:
∂
∂ τ

∂
∂ ∂ τ τ

α

β

β α

β µ

β µ′ + ′ =x

x

d x

d

x

x x

dx

d

dx

d

2

2

2

0

1\Qt�Y\QiVREtPH�þOHQHP� ∂
∂

ν

α

x

x′
:

∂
∂ τ

∂
∂

∂
∂ ∂ τ τ

ν

β

β ν

α

α

β µ

β µx

x

d x

d

x

x

x

x x

dx

d

dx

d

2

2

2

0+
′

′ =

7DNåH�QDNRQHF�GRVWDQHPH�
d x

d

x

x

x

x x

dx

d

dx

d

2

2

2

0
ν ν

α

α

β µ

β µ

τ
∂
∂

∂
∂ ∂ τ τ

+
′

′ =                                       (33)

7DWR� URYQLFH� VH�QD]êYi� URYQLFH�JHRGHWLN\� D�Pi� SUR� S�HGNOiGDQRX� SUiFL� NOtþRYê� Yê]QDP�
3RSLVXMH� WRWLå� SRK\E� YROQp� WHVWRYDFt� þiVWLFH� �SRS��� L� WDFK\RQX�� SUR� NWHUê� RYãHP� τ nemá
Yê]QDP�YODVWQtKR�þDVX��DOH�W]Y��DILQQtKR�SDUDPHWUX�P�QtFtKR�VH�VSRMLW��SRGpO�FHOp�WUDMHNWRULH
(geodetiky)).

ýW\�U\FKORVW�þiVWLFH�GHILQXMHPH��MDN�]QiPR�
dx

d
u

ν
ν

τ
=                                                           (34)

1RUPD�þW\�U\FKORVWL� u uα
α  musí být zachována podél celé trajektorie. Pro normalizovaný

parametr τ��SRS���YODVWQt�þDV��SDN�SODWt�

u u g
dx

d

dx

d

c

c

α
α αβ

α β

τ τ
= =

−







2

2

0

geodetika èasupodobná

geodetika svìtelná

geodetika prostorupodobná

-HQ� S�LSRPHQHPH�� åH� S�tSDG� − c2� SODWt� SUR� þiVWLFH�� �� SUR� IRWRQ\�� c2 pro tachyony.
3�HStãHPH�URYQLFL������GRVD]HQtP�������

du

d

x

x

x

x x
u u

ν ν

α

α

β µ
β µ

τ
∂
∂

∂
∂ ∂

+
′

′ =
2

0                                        (35)
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8Y�GRPPH� VL�� åH� YHNWRU� þW\�U\FKORVWL� þiVWLFH� MH� GiQ� Y� NDåGpP� ERG�� MHMt� WUDMHNWRULH�� WM�
N�LYN\� ( )x xα α τ= ��3RXåLMHPH�WHG\�DEVROXWQt�GHULYDFL�D�GRVWDQHPH�

Du

d

du

d
u

dx

d

ν ν

βµ
ν β

µ

τ τ τ
= + =Γ 0                                          (36)

3RURYQiQtP�V�����]tVNiPH�G$OHåLWê�Y]WDK�
Γβµ

ν
ν

α

α

β µ

∂
∂

∂
∂ ∂

=
′

′x

x

x

x x

2

                                                 (37)

&KULVWRIIHORY\�V\PERO\�P$åHPH�YãDN�Y\MiG�LW�L�SRPRFt�PHWULFNpKR�WHQ]RUX��'HULYXMHPH�OL
WUDQVIRUPDþQt�URYQLFL�����SRGOH� xρ  dostaneme:

∂
∂

η ∂
∂ ∂

∂
∂

η ∂
∂

∂
∂ ∂

µν
ρ αβ

α

µ ρ

β

ν αβ

α

µ

β

ν ρ

g

x

x

x x

x

x

x

x

x

x x
= ′ ′ + ′ ′2 2

9\SRþWHPH�OL�YKRGQRX�NRPELQDFL�SDUFLiOQtFK�GHULYDFt� gαβ  dostáváme:

− + +






 = ′ ′ =

∂
∂

∂
∂

∂
∂

η ∂
∂ ∂

∂
∂

µν
ρ

ρµ
ν

νρ
µ αβ

α

µ ν

α

ρ µν
λ

λρ

g

x

g

x

g

x

x

x x

x

x
g2 2

2

Γ

Odtud násobením 
1

2
gσρ :

Γ

Γ Γ

µν
σ σρ µν

ρ
ρµ
ν

νρ
µ

µν
σ

νµ
σ

∂
∂

∂
∂

∂
∂

= − + +








=

1

2
g

g

x

g

x

g

x                                   (38)

Tím máme zavedeny Christoffelovy symboly pomocí metrického tenzoru a jeho derivací.
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���������1HMG$OHåLW�Mãt�WHQ]RU\�Y�REHFQp�WHRULL�UHODWLYLW\

2.1.5.1.  Metr ický tenzor

6� PHWULFNêP� WHQ]RUHP� MVPH� VH� VH]QiPLOL� MLå� Y� NDSLWROH� ������� D� Y� NDSLWROH� ������� E\O
RG$YRGQ�Q� Qi]HY� ÄPHWULFNê³� WtP�� åH� QiP� XPRå�XMH� XUþRYDW� þDVRSURVWRURYp� Y]GiOHQRVWL
SRPRFt�S�tU$VWN$�VRX�DGQLF�

-HKR�NOtþRYê�Yê]QDP�SUR�275�O]H�LOXVWURYDW�QD�QiVOHGXMtFtP�MHGQRGXFKpP�S�tNODG��
0�MPH� GiQX� inerciální� Y]WDåQRX� VRXVWDYX� D� Y� Qt� ]DYHGHQp� F\OLQGULFNp� VRX�DGQLFH� ′x α

vztahy:
′ = ′

′ = ′ ′

′ = ′ ′

′ = ′

x ct

x r

x r

x z

0

1

2

3

cos

sin

ϕ

ϕ
                                                     (39)

ýW\�LQWHUYDO�MH�
ds dx dx′ = ′ ′2 ηαβ

α β

Abychom mohli za dxα �GRVDGLW�������PXVtPH�VSRþtWDW�GLIHUHQFLiO\�
dx cdt

dx dr r d

dx dr r d

dx dz

′ = ′

′ = ′ ′ − ′ ′ ′

′ = ′ ′ + ′ ′ ′

′ = ′

0

1

2

3

cos sin

sin cos

ϕ ϕ ϕ

ϕ ϕ ϕ

WDNåH�SR�~SUDY��
ds c dt dr r d dz′ = − ′ + ′ + ′ ′ + ′2 2 2 2 2 2 2ϕ                                  (40)

0�MPH� GiOH� GiQX� QHLQHUFLiOQt� VRXVWDYX� VRX�DGQLF� xα  (také cylindrických). Ta má se
soustavou ′x α � VSROHþQRX� RVX� z�� NROHP� Qtå� URWXMH� ~KORYRX� U\FKORVWt� ω. Vztahy mezi
VRX�DGQLFHPL�SDN�MVRX�

t t

r r

t

z z

= ′
= ′

+ ′ = ′
= ′

ϕ ω ϕ

'LIHUHQFRYiQtP�D�GRVD]HQtP�GR������]D�þiUNRYDQp�VRX�DGQLFH�GRVWDQHPH�SR�~SUDY��WYDU�

ds
r

c
c dt dr r d dz r d dt2

2 2

2

2 2 2 2 2 2 21 2= − −






 + + + +ω ϕ ω ϕ                      (41)
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Zapíšeme-li v obvyklém tvaru:
ds g dx dx2 = αβ

α β                                                (42)

SDN�VORåN\�PHWULFNpKR�MVRX�GiQ\�

( )
g

r c r c

r c r
αβ

ω ω

ω
=

− −

















1 0 0

0 1 0 0

0 0

0 0 0 1

2 2 2 2

2 2
                                   (43)

�1H]DSRPH�PH��åH�YH�Y]RUFL������XåtYiPH�VXPDþQtKR�SUDYLGOD��D�åH� x ct0 = .)
3RGOH�SULQFLSX�HNYLYDOHQFH�MH�JUDYLWDþQt�SROH�ORNiOQ��HNYLYDOHQWQt�SROL�W]Y��VHWUYDþQêFK�VLO�

9� URWXMtFt� �QHþiUNRYDQp�� VRXVWDY�� SR]RUXMHPH� SUiY�� WDNRYp� SROH�� =� WRKRWR� Y\SOêYi�� åH
JUDYLWDþQt�SROH�O]H�YKRGQêP�]S$VREHP�SRSVDW�SUiY��PHWULFNêP�WHQ]RUHP��PHWULNRX�
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�����������7HQ]RU�N�LYRVWL

9�SORFKpP�SURVWRUX�MVRX�VPtãHQp�SDUFLiOQt�GHULYDFH�]iP�QQp��W�M��SODWt�QDS���
∂

∂ ∂
∂

∂ ∂

α

β δ

α

δ β

2 2A

x x

A

x x
=

2Y��tPH��åH�WRWR�SUDYLGOR�SUR�]DN�LYHQp�SURVWRU\�REHFQ��QHSODWt��0XVtPH�RYãHP�SRþtWDW�V
ÄRSUDYRX�QD�NRQH[L³�� W�M��SRXåtW�NRYDULDQWQt�GHULYDFH��8åLWtP�S�tVOXãQêFK�SUDYLGHO� �YL]��NDS�
2.1.3.)  máme:

( ) ( ) ( ) ( )

A
A

x
A

A
A

x
A A

;

; ;

;

; ;

β
α

α

β µβ
α µ

β
α

δ

β
α

δ ψδ
α

β
ψ

βδ
ψ

ψ
α

∂
∂

∂
∂

= +

= + −

Γ

Γ Γ

a                                                                                                                          (44)

( ) ( ) ( ) ( )

A
A

x
A

A
A

x
A A

;

; ;

;

; ;

δ
α

α

δ µδ
α µ

δ
α

β

δ
α

β ψβ
α

δ
ψ

βδ
ψ

ψ
α

∂
∂

∂
∂

= +

= + −

Γ

Γ Γ

Dalšími úpravami:

( )A
A

x x x
A

A

x

A

x
A

A

x
A; ;β

α

δ

α

δ β
µβ
α

δ
µ

µ

δ µβ
α

ψδ
α

ψ

β µβ
ψ µ

βδ
ψ

α

ψ µψ
α µ∂

∂ ∂
∂Γ
∂

∂
∂

∂
∂

∂
∂

= +








 +





















+ +






 − +









2

Γ Γ Γ Γ Γ

a

( )A
A

x x x
A

A

x

A

x
A

A

x
A; ;δ

α

β

α

δ β
µδ
α

β
µ

µ

β µδ
α

ψβ
α

ψ

δ µδ
ψ µ

βδ
ψ

α

ψ µψ
α µ∂

∂ ∂
∂Γ
∂

∂
∂

∂
∂

∂
∂

= +








 +





















+ +






 − +









2

Γ Γ Γ Γ Γ

2GHþWHQtP�StãHPH�
A A R A; ; ; ;β δ

α
δ β

α
µβδ
α µ− = −                                               (45)

kde

R
x x

µβδ
α µδ

α

β
µβ
α

δ µδ
ψ

ψβ
α

µβ
ψ

ψδ
α∂Γ

∂
∂Γ
∂

= − + −Γ Γ Γ Γ

=MLVWLOL�MVPH��åH�VPtãHQp�GHULYDFH�Y�N�LYêFK�SURVWRUHFK�REHFQ��QHMVRX�NRPXWDWLYQt��S�LþHPå
PtURX� WpWR� QHNRPXWDWLYQRVWL� MH� SUiY�� YHOLþLQD� Rµβδ

α �� NWHUi� VH� QD]êYi� 5LHPDQQ$Y� WHQ]RU
N�LYRVWL��-HGQi�VH�R�WHQ]RU�����iGX��QHER"�QD�OHYp�VWUDQ������MH�WHQ]RU�����iGX�D�QD�SUDYp�Rµβδ

α  a

WHQ]RU�����iGX��þW\�YHNWRU��
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Rovnost:

Rµβδ
α = 0

MH�MHGQR]QDþQêP�NULWpULHP��SRGOH�NWHUpKR�XUþtPH��åH�GDQê�SURVWRU�MH�QH]DN�LYHQê��2GOLãtPH
WDN� RG� VHEH� S�tSDG� N�LYRþDUêFK� VRX�DGQLF� QD� SORFKp� YDULHW�� RG� VNXWHþQ�� QHHXNOHLGRYVNpKR
prostoru.

3R]QDPHQHMPH�GiOH��åH�SODWt�
R g R

R R R R

αβρψ αδ βρψ
δ

αβρψ βαρψ αβψρ ψρβα

=

= − = − =

3RVWXSQêP�~åHQtP�5LHPDQQRYD�WHQ]RUX�N�LYRVWL�GRVWiYiPH��W]Y��5LFFLKR�WHQ]RU�N�LYRVWL�
R R R Rβψ βαψ

α
βψ ψβ= =        

D�W]Y��VNDOiUQt�N�LYRVW�
R R= α

α

-HMLFK�NRPELQDFt�Y]QLNQH�W]Y��(LQVWHLQ$Y�WHQ]RU�N�LYRVWL��NWHUê�Pi�Y�275�YHOPL�G$OHåLWp
postavení:

G R Rg

G G

G

αβ αβ αβ

αβ βα

β
αβ

= −
=

=

1
2

0;

'$OHåLWi� MH� W�HWt�YODVWQRVW� �MDN�SR]QiPH�Y� VRXYLVORVWL� V� WHQ]RUHP�HQHUJLH�K\EQRVWL��� NWHUi
�tNi��åH�NRYDULDQWQt�þW\�GLYHUJHQFH�(LQVWHLQRYD�WHQ]RUX�MH�URYQD�QXOH�
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2.1.5.3.    Tenzor energie-hybnosti

9�(LQVWHLQRYêFK�URYQLFtFK�JUDYLWDþQtKR�SROH�Y\VWXSXMH� W]Y�� WHQ]RU�HQHUJLH�K\EQRVWL�� -HKR
Yê]QDP� O]H� LOXVWURYDW�QD�QiVOHGXMtFtP�S�tNODGX�� NG\� MH�KPRWQê�REVDK�YHVPtUX�GiQ� VSRMLWêP
UR]ORåHQtP���NRQWLQXHP�EH]�WODNX��SUDFK��

-HGQRX� ]� QHMG$OHåLW�MãtFK� URYQLF� Y� PHFKDQLFH� NRQWLQXD� MH� URYQLFH� NRQWLQXLW\�� NWHUi
Y\MDG�XMH�]iNRQ�]DFKRYiQt�KPRWQRVWL�SURXGtFt�NDSDOLQ\��0i�MDN�]QiPR�WYDU�

∂ρ
∂

ρ
t

+ =div( )v 0                                                   (46)

9\ãHW�XMHPH�OL�NRQWLQXXP��]DMtPi�QiV��V�MDNRX�KXVWRWRX�MVRX�MHGQRWOLYp�]iNODGQt�I\]LNiOQt
FKDUDNWHULVWLN\�Y�NRQWLQXX�UR]SURVW�HQ\�D�MDN�Y�V\VWpPX�SURXGt�

6ORåN\�þW\�K\EQRVWL�YH�VSHFLiOQt�WHRULL�UHODWLYLW\�P$åHPH�]DSVDW�MDNR�

p
E

c
piα = 





;                                                    (47)

7R� QiP� XPRåQt� ]NRQVWUXRYDW� YODVWQt� WHQ]RU� HQHUJLH�K\EQRVWL�� /RNiOQt� ]iNRQ� ]DFKRYiQt
HQHUJLH�K\EQRVWL�SDN�Y�VRXODGX�V������D������P$åHPH�VORXþLW�GR�MHGQp�WHQ]RURYp�URYQLFH�

∂
∂

αβ

β

T

x
= 0                                                      (48)

Y]KOHGHP�N�WRPX��åH�VORåN\�þW\�U\FKORVWL�MVRX�

u
c

v

c

v

v

c

i
α

1 1
2

2

2

2
− −



















,

je T αβ �V\PHWULFNê�WHQ]RU�HQHUJLH�K\EQRVWL�VH�VORåNDPL�

T
v

c

c

v

c

v

c

v

c

v

c

v

c

v v

c

v v

c

v v

c

v

c

v v

c

v v

c

v v

c

v

c

v v

c

v v

c

v v

c

αβ ρ=
− −



































1 1

1

2

2

2

2

2

1 2 3

1 1 1

2

1 2

2

1 3

2

2 2 1

2

2 2

2

2 3

2

3 3 1

2

3 2

2

3 3

2

                           (49)

kde výraz:
ρ

1 1
2

2

2

2

2
− −v

c

c

v

c
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MH�URYHQ�UHODWLYLVWLFNp�KXVWRW��HQHUJLH��6ORåN\� T Tα α0 0= � MVRX�URYQ\�KXVWRW�� WRNX�HQHUJLH
G�OHQpKR�c��UHVS��KXVWRW��WRNX�K\EQRVWL�QiVREHQpKR�c. 9ãLPQ�PH�VL�SURVWRURYêFK�VORåHN��WHG\
T ij �� -HGQi� VH� YODVWQ�� R� i�WRX� VORåNX� VtO\� S$VREtFt� QD� GDQê� REMHPRYê� HOHPHQW� dV� S�HV
jednotkovou plošku s normálovým vektorem xj � �� WHG\�R� WHQ]RU�QDS�Wt��=DMtPDYpKR�DVSHNWX
]REHFQ�Qt������SUR�N�LYê�SURVWRURþDV�VL�YãLPQHPH�Y�QiVOHGXMtFt�NDSLWROH�
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���������(LQVWHLQRY\�URYQLFH�JUDYLWDþQtKR�SROH

Rovnice pole mají obecný tvar

„ objekt popisující pole = objekt popisující zdroj“

9�S�tSDG��JUDYLWDþQtKR�SROH�WHG\�EXGH�
ÄREMHNW�SRSLVXMtFt�JHRPHWULL�SURVWRURþDVX� �REMHNW�SRSLVXMtFt�UR]ORåHQt�KPRW\��HQHUJLH�³

2EMHNWHP� SRSLVXMtFtP� JUDYLWDþQt� SROH� MH� (LQVWHLQ$Y� WHQ]RU� N�LYRVWL�� REMHNW� SRSLVXMtFt
distribuci hmoty a energie je tenzor energie-hybnosti.

(LQVWHLQ�S�HGSRNOiGDO�QiVOHGXMtFt�]iYLVORVW�RERX�YHOLþLQ�
G R Rg k Tαβ αβ αβ αβ= − =1

2 .

(LQVWHLQRY\�URYQLFH�PXVt�Y�OLPLW��VODEpKR�JUDYLWDþQtKR�SROH�S�HMtW�QD�1HZWRQ$Y�JUDYLWDþQt
]iNRQ�YH�WYDUX�3RLVVRQRY\�URYQLFH��WDNåH�O]H�XNi]DW��åH�NRQVWDQWD�k je dána

k
G

c
= 8

4

π

(LQVWHLQRY\�URYQLFH�JUDYLWDþQtKR�SROH�SURWR�MVRX�

R Rg
G

c
Tαβ αβ αβ

π− =1
2 4

8
                                            (50)

Z matematického hlediska jsou to nelineární�SDUFLiOQt�GLIHUHQFLiOQt�URYQLFH�GUXKpKR��iGX�
-HMLFK� �HãHQtP� �S�L� ]DGDQpP� WHQ]RUX� HQHUJLH�K\EQRVWL�� MH� GHVHW� IXQNFt� gαβ  popisujících

YODVWQRVWL� JUDYLWDþQtKR� SROH�� '$VOHGNHP� MHMLFK� ]QDþQp� NRPSOLNRYDQRVWL� MH� QHPRåQRVW� Y
REHFQpP�S�tSDG��QDOp]W�DQDO\WLFNp��HãHQt��3URWR�þDVWR��HãtPH�S�tSDG\��NG\�JUDYLWDþQt�SROH�Pi
QDYtF�MLVWRX�V\PHWULL���FHQWUiOQt��RVRYRX�DSRG����þtPå�VH�]PHQãt�SRþHW�QH]iYLVOêFK�URYQLF�

9]KOHGHP� N� WRPX�� åH� NRYDULDQWQt� þW\�GLYHUJHQFH� (LQVWHLQRYD� WHQ]RUX� N�LYRVWL� Y\PL]t�
NRYDULDQWQt�þW\�GLYHUJHQFH�WHQ]RUX�HQHUJLH�K\ERVWL�MH�WDNp�QXOD��3ODWt�ORNiOQt�]iNRQ�]DFKRYiQt
energie - hybnosti) ve tvaru:

T
T

x
T T;β

αβ
αβ

β µβ
α µβ

µβ
β αµ∂

∂
= + + =Γ Γ 0

9� VRXYLVORVWL� V� 275� MHãW�� ]DYH�PH� � W]Y�� JHRPHWURG\QDPLFNRX� VRXVWDYX� MHGQRWHN�
1HMG$OHåLW�MãtP� S�tQRVHP� 275� MH�� åH� VSRMLOD� SURVWRU� D� þDV� GR� QHG�OLWHOQpKR� NRQWLQXD�� -H
]E\WHþQp� P��LW� Y]GiOHQRVWL� YH� GYRX� MHGQRWNiFK� �PHWU\� D� VHNXQG\��� =DYHGHPH� WHG\� þDV� Y
geometrodynamických jednotkách [g]  jako:

t t c

t m metr

g SI

g

[ ] [ ]

[ ]

.

[ ] ( )

=
=
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275� WDNp� VWtUi� UR]GtO� PH]L� VHWUYDþQRX� D� JUDYLWDþQt� KPRWQRVWt�� +PRWD� ]DN�LYXMH
SURVWRURþDV��þLOL�]DN�LYHQt�MH�PtURX�MHMt�KPRWQRVWL��=DYHGHPH�JHRPHWURG\QDPLFNRX�KPRWQRVW
M:

M m
G

c

M m metr

g SI

g

[ ] [ ]

[ ]

.

[ ] ( )

=

=

2

8YH�PH�MHãW��Q�NROLN�GDOãtFK�YHOLþLQ�

rychlost   

hybnost

moment hybnosti

elektrický náboj

[g] [g]

v v v

p p p

J J J

[ ] [ ] [ ]

[ ]

[ ] [ ] [ ]

[ ] [ ] [ ]

.

. [ ]

. [ ]

.
.

[ ]

g SI g

SI

g SI g

g SI g

c
bezrozmìrná

G

c
m

G

c
m

Q Q
G

c
Q m

=

= =

= =

= =

1

10

3

3

2

32

=DYHGHQt� JHRPHWURG\QDPLFNp� VRXVWDY\� MHGQRWHN� Y�275� MH� ]FHOD� S�LUR]HQp��8VQDG�XMH� D
]S�HKOHG�XMH�QiP�PDWHPDWLFNê� ]iSLV��3RNXG�QHEXGH�XYHGHQR� MLQDN�� Y�GDOãtP� WH[WX�EXGHPH
SRXåtYDW�SUiY��WXWR�VRXVWDYX�
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2.2.  Schwarzschildova metr ika

2.2.1.    6FKZDU]VFKLOGRYR��HãHQt�MDNR�~YRGQt�S�tNODG�SUR�REHFQê�SRVWXS��HãHQt�
rovnice geodetiky

6FKZDU]VFKLOGRYR��HãHQt�>��@�MH�MLVW�� MHGQR�]�QHMG$OHåLW�MãtFK��HãHQt�(LQVWHLQRYêFK�URYQLF
Y$EHF�� %\OR� QDOH]HQR� MLå�� U�� ����� .�� 6FKZDU]VFKLOGHP� MDNRåWR� KLVWRULFN\� Y$EHF� SUYQt
�QHWULYLiOQt��S�HVQp��HãHQt��3RSLVXMH�VW�HGRY��V\PHWULFNp�JUDYLWDþQt�SROH��EXGH�WHG\�S�LUR]HQp
]DYpVW� �SVHXGR�VIpULFNp� VRX�DGQLFH� ( )t r, , ,θ ϕ �� $V\PSWRWLFNi� VWUXNWXUD� WRKRWR� �HãHQt� MH
SVHXGR�HXNOHLGRYVNi��� þLOL� Y� QHNRQHþQp� Y]GiOHQRVWL� RG� ]GURMH� MH� SURVWRURþDV� DV\PSWRWLFN\
SORFKê��%XGHPH�VH�]DEêYDW� MHQ�W]Y��YQ�MãtP�6FKZDU]VFKLOGRYêP��HãHQtP��W�M���HãHQtP�PLPR
]GURM� JUDYLWDþQtKR� SROH� �T αβ = 0��� WDNåH� KOHGiPH� �HãHQt� YDNXRYêFK� (LQVWHLQRYêFK� URYQLF�
ýW\�LQWHUYDO�EXGH�PtW�Y]KOHGHP�NH�NODGHQêP�SRGPtQNiP�WYDU�

( )ds g dt g dr r d d2
00

2
11

2 2 2 2 2= + + +θ θ ϕsin

S�LþHPå�VORåN\�PHWULFNpKR�WHQ]RUX�MVRX�

g

M

r

M

r

r

r

αβ

θ

=

− −





−





























−

1
2

0 0 0

0 1
2

0 0

0 0 0

0 0 0

1

2

2 2sin

                           (51)

þW\�LQWHUYDO�P$åHPH�]DSVDW�Y�MHGQRWNiFK�SI:

( )ds
Gm

c r
c dt

Gm

c r

dr r d d2

2

2 2

2

2 2 2 2 21
2 1

1
2

= − −





+
−





+ +θ θ ϕsin             (52)

7RWR��HãHQt�SRSLVXMH�JUDYLWDþQt�SROH�EX]HQp�KPRWRX�m�VRXVW�HG�QRX�Y�r ��QHER�JUDYLWDþQt
SROH� YQ�� VIpULFN\� V\PHWULFNp� KY�]G\� KPRWQRVWL� m�� 9]KOHGHP� N� WRPX�� åH� PHWULND� ����� MH
SRP�UQ�� MHGQRGXFKi�D�QDYtF�Pi�MDVQp�DVWURI\]LNiOQt�DSOLNDFH��XNiåHPH�QD�Qt�REHFQê�SRVWXS
�HãHQt� URYQLFH� JHRGHWLN\�� 8YLGtPH�� MDN� VH� EXGH� 275� OLãLW� RG� 1HZWRQRYVNp� S�HGSRY�GL�
9ODVWQt�VHVWDYHQt�D��HãHQt�URYQLF�YãDN�S�HQHFKiPH�GR�SDW�LþQp�NDSLWRO\���������D�YãLPQHPH�VL
]DWtP�YODVWQRVWt�D�Yê]QDPX�6FKZDU]VFKLOGRYD��HãHQt�
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��������9ê]QDP�D�]iNODGQt�YODVWQRVWL�6FKZDU]VFKLOGRYD��HãHQt

-DN�E\OR�MLå�XYHGHQR��PHWULND�

( )ds
M

r
dt

M

r

dr r d d2 2 2 2 2 2 21
2 1

1
2

= − −





+
−





+ +θ θ ϕsin                    (53)

SRSLVXMH� FHQWUiOQ�� V\PHWULFNp� VWDWLFNp� JUDYLWDþQt� SROH�� SRSVDQp� MHGLQêP� SDUDPHWUHP�M.
6RX�DGQLFH�t�MH�þDV��NWHUê�O]H�GRE�H�LQWHUSUHWRYDW�Y$þL�SR]RURYDWHOL�Y�QHNRQHþQX��VRX�DGQLFL�r
P$åHPH�GHILQRYDW�MDNR�YODVWQt�GpONX�S�tVOXãQp�NUXåQLFH�G�OHQRX��π. Pro r → ∞  nabývá (53)
YODVWQRVWt�SORFKpKR�SURVWRURþDVX�

9ãLPQ�PH� VL�� åH� PHWULND� ���� QHQt� GHILQRYiQD� QD� � r=2M�� � 7HQWR� SRORP�U� VH� QD]êYi
6FKZDU]VFKLOG$Y� SRORP�U� Y\PH]XMtFt� W]Y�� KRUL]RQW�� �'DOãtP� Yê]QDþQêP� ERGHP� MH� VDPRWQê
SRþiWHN�VRX�DGQpKR�V\VWpPX�r ��� �=�KOHGLVND�YODVWQRVWt�SURVWRURþDVX�QHMVRX�YãDN�KRUL]RQW�D
SRþiWHN� VRX�DGQpKR� V\VWpPX� HNYLYDOHQWQt�� 1D� r=2M dosahují skalární invarianty tenzoru
N�LYRVWL�NRQHþQêFK�KRGQRW��]DWtPFR�Y�r=0 divergují. Zdánlivá singularita (pseudosingularita,
VRX�DGQLFRYi�VLQJXODULWD��PHWULN\�QD�r=2M�MH�]S$VREHQD�MHQ�QHYKRGQRX�YROERX�VRX�DGQLF��'i
VH�XNi]DW��åH�S�HFKRGHP�N�YKRGQ�MãtPX�V\VWpPX�VLQJXODULWD�Y\PL]t��þLOL�QHP$åH�PtW�VNXWHþQê
fyzikální charakter.

Naopak singulární vlastnosti metriky na r �� � MLå� åiGQêP� S�HFKRGHP� N� MLQp� VRXVWDY�
VRX�DGQLF� RGVWUDQLW� QHO]H�� -HGQi� VH� R� VNXWHþQRX�� I\]LNiOQt� VLQJXODULWX�� NGH� SURVWRURþDV� Pi
QHNRQHþQRX�N�LYRVW��S$VREt�]GH�QHNRQHþQp�VODSRYp�VtO\��+RYR�tPH�R� W]Y��6FKZDU]VFKLOGRY�
þHUQp�Gt�H��Y]QLNOp�VIpULFN\�V\PHWULFNêP�JUDYLWDþQtP�NRODSVHP�QHQDELWpKR�W�OHVD�

9ãLPQ�PH�VL�FKRGX�KRGLQ�Y�JUDYLWDþQtP�SROL��3RGOH�
d g dx dxτ αβ

α β= −
SUR�SR]RURYDWHOH�VWRMtFtKR�Y�JUDYLWDþQtP�SROL�QD�SHYQpP� r, ,θ ϕ  máme:

d
M

r
dtτ = −1

2

WDNåH� KRGLQ\� SR]RURYDWHOH� Y� VWRMtFtKR� JUDYLWDþQtP� SROL� MGRX� SRPDOHML� QHå� KRGLQ\
SR]RURYDWHOH�Y�QHNRQHþQX��WHG\�XFKUiQ�QpKR�YOLY$P�JUDYLWDþQtKR�SROH��

5RYQ�å�Y]GiOHQRVW�GYRX�ERG$� r1 a r2 ��S�L�θ ϕ= =konst konst., .) není rovna jejich prostému
rozdílu, ale:

∆l
dr

M

rr

r

=
−

⌠

⌡




1
2

1

2

9ãLPQ�PH�VL�MHãW��YODVWQRVWt�6FKZDU]VFKLOGRY\�VIpU\��KRUL]RQWX���=MLVW�PH�VRX�DGQLFRYRX
U\FKORVW� VY�WOD� Y� UDGLiOQtP� VP�UX� YH� 6FKZDU]VFKLOGRY�� PHWULFH�� =� YêUD]X� ����� QiP� SUR
ds2 0=  plyne:



dr

dt

M

r
= −1

2
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WDNåH�QD�KRUL]RQWX�MH�VRX�DGQLFRYi�U\FKORVW�VY�WOD�Y�UDGLiOQtP�VP�UX�URYQD�QXOH��ýDV��NWHUê
VY�WOR� SRW�HEXMH�� DE\� VH� ]H� Y]GiOHQRVWL� r1� RG� VW�HGX� GRVWDOR� GR� Y]GiOHQRVWL� r2, je dán
UDGLRORNDþQt�Y]GiOHQRVWt�

∆t
dr

M

r

r r M
r M

r M

r

r

=
−

⌠

⌡



= − + −
−1

2
2

2

2

1

2

2 1
2

1

ln

,KQHG� YLGtPH�� åH� SUR� r M1 2→ � MH� WHQWR� þDV� �SUR� SR]RURYDWHOH� Y� QHNRQHþQX�� QHNRQHþQê�
-DNiNROL� XGiORVW�� NWHUi� QDVWDQH� SRG� 6FKZDU]VFKLOGRYRX� VIpURX� QHP$åH� QLMDN� RYOLYQLW� YQ�Mãt
oblast. Proto je Schwarschildova sféra  tzv. horizont událostí.

V  r M= 2 �P�Qt�VORåN\�PHWULFNpKR�WHQ]RUX� g g00 11 a  svá znaménka:

pro          pro r M
g

g
r M

g

g
>

<
>





<
>
<





2
0

0
2

0

0

00

11

00

11

ýDVRYi� D� UDGLiOQt� VRX�DGQLFH� VL� SURWR� Y� MLVWpP� VP\VOX� Y\P�Qt� ~ORKX�� ýiVWLFH�� NWHUi� VH
dostane pod sféru 2M�QHRGYUDWQ��NRQþt�VYRX�H[LVWHQFL�Y�VLQJXODULW��r ��D�QHQt�PRåQp��DE\�VH
GRVWDOD� ]S�W� GR� REODVWL� r>2M�� �3�LSRPH�PH�� åH� QHNRQHþQi� KRGQRWD� VRX�DGQLFRYpKR� þDVX� t,
QH]QDPHQi� QHNRQHþQRX� KRGQRWX� YODVWQtKR� þDVX� τ�� WDNåH� þiVWLFH� P$åH� YH� VYpP� YODVWQtP
NRQHþQpP�þDVH�SURQLNQRXW�SRG�VIpUX�r=2M.)
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2.3.   Extrémní Schwarzschildova - de Sitterova metr ika

��������([WUpPQt�6FKZDU]VFKLOGRYR���GH�6LWWHURYR��HãHQt�D�MHKR�YODVWQRVWL

1Hå� XYHGHPH� S�tPR� WXWR� PHWULNX�� E\OR� E\� YKRGQp� VH� Q�NROLND� VORY\� ]PtQLW� R� W]Y�
NRVPRORJLFNp�NRQVWDQW��

.G\å�Y� URFH������(LQVWHLQ�DSOLNRYDO�VYp�þHUVWY��]IRUPXORYDQp� URYQLFH�JUDYLWDþQtKR�SROH
QD�JOREiOQt�VWUXNWXUX�YHVPtUX�]MLVWLO��åH�VH��FKRYDO\�ÄQHYKRGQ�³��QHER"�QHS�LSRXãW�O\�VWDWLFNp
�HãHQt�� (LQVWHLQ� SURWR� GR� VYêFK� URYQLF� ]DYHGO� PQRKRNUiW� GLVNXWRYDQê� NRVPRORJLFNê� þOHQ
(konstantu) Λ. Rovnice pole pak jsou:

R g R g
G

c
Tαβ αβ αβ αβ

π− + =1
2 4

8Λ

-H�WR�]iURYH�� MHGLQi�S�tSXVWQi�~SUDYD�W�FKWR�URYQLF��DQLå�E\�E\O�QDUXãHQ�]iNRQ�]DFKRYiQt
HQHUJLH�K\EQRVWL�� � �3�LGiQtP� Λgαβ � GR� (LQVWHLQRYD� WHQ]RUX� N�LYRVWL� ]$VWDQH� MHKR
þW\�GLYHUJHQFH� QXORYi��� .RVPRORJLFNê� þOHQ� Y� SRGVWDW�� Y\MDG�XMH� JUDYLWDþQt� ~þLQN\� YDNXD�
]DMLã"XMH�N�LYRVW�SUi]GQpKR�SURVWRUX�

.G\å�)ULHGPDQ�SRþiWNHP�����OHW�QDOH]O�VYp�NRVPRORJLFNp�PRGHO\�H[SDQGXMtFtKR�YHVPtUX�
R]QDþLO�(LQVWHLQ�]DYHGHQt�NRVPRORJLFNpKR�þOHQX� MDNR�ÄQHMY�Wãt� FK\EX�VYp�Y�GHFNp�NDULpU\³�
7tP�YãDN�NXSRGLYX�KLVWRULH�NRVPRORJLFNp�NRQVWDQW\�QHVNRQþLOD��QDRSDN�þDV�RG�þDVX�SURåtYDOD
REGREt�VYp�UHQHVDQFH��VWHMQ��MDNR�REGREt�]DWUDFRYiQt�

'QHãQt�DVWURQRPLFNi�SR]RURYiQt�S�tWRPQRVW�QHQXORYpKR�Λ�VLFH�S�tPR�QHSRåDGXMt��DOH�WXWR
PRåQRVW�DQL�QHY\OXþXMt���.DåGRSiGQ��PRGHUQt�SR]RURYiQt�PLPRJDODNWLFNêFK�REMHNW$�]QDþQ�
RPH]XMt�PRåQRX�GQHãQt�KRGQRWX�NRVPRORJLFNpKR�þOHQX�QD��iGRY�� Λ ≤ − −10 55 2cm ��3�HVWR�E\�L
tak malá hodnota mohla ovlivnit vývoj vesmíru jako celku.

6RXGREi�SR]RURYiQt�RYãHP�QHY\OXþXMt��åH�Y�PLQXORVWL�YHVPtUX�QDVWiYDO\�HSRFK\��Y�QLFKå
KRGQRWD� NRVPRORJLFNp� ÄNRQVWDQW\³� E\OD� QDWROLN� YHONi�� åH� NOtþRYêP� ]S$VREHP� RYOiGDOD
G\QDPLNX� YHVPtUX�� 3�tNODGHP�PRKRX� VORXåLW� W]Y�� LQIODþQt�PRGHO\�� NWHUp� E\O\� Y� XSO\QXOêFK
]KUXED����OHWHFK�Y�OLWHUDWX�H�LQWHQ]tYQ��VWXGRYiQ\�>�@��>��@�

3UiY�� Y� NRQWH[WX� LQIODþQtP� PRGHO$� Pi� ]QDþQê� Yê]QDP� VWXGLXP� YODVWQRVWt� W]Y�
6FKZDU]VFKLOGRYD� �� GH� 6LWWHURYD� �HãHQt�� NWHUp� SRSLVXMH� þHUQRX� GtUX� QHER� VIpULFNê� REMHNW� Y
LQIODþQtP�YHVPtUX�

9ODVWQt�6FKZDU]VFKLOGRYR���GH�6LWWHURYR��HãHQt�MH�S�HVQêP��HãHQtP�YDNXRYêFK�URYQLF�SROH
s Λ!���-H�Y�MLVWpP�VP\VOX�NRPELQDFt��MDN�Qi]HY�QDSRYtGi��MLå�]PL�RYDQpKR�6FKZDU]VFKLOGRYD
�HãHQt� D� W]Y�� GH�6LWWHURYD� NRVPRORJLFNpKR�PRGHOX��$V\PSWRWLFNi� VWUXNWXUD� WRKRWR� �HãHQt� VH
QHEOtåt� SORFKpPX� SURVWRURþDVX�� DOH� Pi� JHRPHWULL� MDNR� � GH� 6LWWHURYR� �HãHQt�� 0HWULND
6FKZDU]VFKLOGRYD���GH�6LWWHURYD��HãHQt�Pi�YH�VWDQGDUGQtFK�VRX�DGQLFtFK�WYDU�>�@�

( )ds dt dr r d d2 2 1 2 2 2 2 2= − + + +−Φ Φ θ θ ϕsin
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kde

( )Φ Λ
r

M

r
r= − − 





1
2

3

2                                            (54)

S�LþHPå�Λ>0 a M!���7RWR��HãHQt�Pi�REHFQp���KRUL]RQW\���3UR�VSHFLiOQt�S�tSDG�
9 12ΛM =

GRVWiYiPH�W]Y��H[WUpPQt�6FKZDU]VFKLOGRYX���GH�6LWWHURYX�PHWULNX��SUR�NWHURX�RED�]PtQ�Qp
horizonty splývají.  Potom ( )Φ r  je dáno:

( )Φ r
M

r M
r= − − 





1
2 1

27 2

2

FRå�MH�YêKRGQp�GiOH�UR]ORåLW�QD�VRXþLQ�

( ) ( ) ( )Φ r
M r

r M r M= − − +1

27
3 6

2

2
                                   (55)

V této metrice tedy opravdu existuje jeden „dvojnásobný“ horizont, jak patrno z (55), na
r=3M.

6QDGQR�]� �����]MLVWtPH��åH� Φ ≤ 0��SRGREQ�� MDNR�YH�6FKZDU]VFKLOGRY��PHWULFH�� WDNåH�]GH
~ORKX��þDVRYp��VRX�DGQLFH�S�HEtUi�r.



27

���������=DYHGHQt�QXORYêFK�.UXVNDORYêFK�VRX�DGQLF

Ä%�åQp³� W\S\� VRX�DGQLF� �VIpULFNp�� F\OLQGULFNp����� VH� XND]XMt� EêW� S�L� SRSLVX� �HãHQt
(LQVWHLQRYêFK� URYQLF� Y� Q�NWHUêFK� VP�UHFK� QHYêKRGQêPL�� ýDVWR� WHG\� ]DYiGtPH� QRYp
VRX�DGQLFH��YH�NWHUêFK��VRX�DGQLFRYp�VLQJXODULW\�Y\PL]t��7HQWR�SRVWXS�RE\þHMQ��NRPELQXMHPH
V� W]Y�� 3HQURVHRYêPL� NRQIRUPQtPL� PHWRGDPL�� 7\WR� PHWRG\� QiP� YêUD]Q�� ]S�HKOHG�XMt� D
XVQDG�XMt�RULHQWDFL��MHVWOLåH�VH�]DMtPiPH�R�JOREiOQt�VWUXNWXUX�D�YODVWQRVWL�GDQp�PHWULN\��3�LWRP
ORNiOQ�� ]DFKRYiYDMt� ~KO\�� SRP�U\� GpOHN�� �'i� VH� QDS��� XNi]DW�� åH� ]DYHGHPH�OL� YH
6FKZDU]VFKLOGRY��PHWULFH� WtPWR� SRVWXSHP� QRYp� �W]Y��.UXVNDORY\�� VRX�DGQLFH� D� DSOLNXMHPH
NRQIRUPQt�� PHWRG\� REMHYt� VH� QHþHNDQ�� VORåLWi� WRSRORJLFNi� VWUXNWXUD� �(LQVWHLQ$Y�5RVHQ$Y
most, apod.).)

.RQIRUPQt�]REUD]HQt�VH�SRXåtYDMt��FKFHPH�OL�]MLVWLW�FKRYiQt�DV\PSWRWLFNp�VWUXNWXU\���QHER"
QiP� XPRå�XMt� QHNRQHþQê� LQWHUYDO� ÄVPUãWLW³� QD� NRQHþQê�� $V\PSWRWLFNp� FKRYiQt� UDGLiOQtFK
JHRGHWLN� � YãHFK� W�t� W\S$� Y� SORFKpP� SURVWRURþDVH� XUþXMt� YHOLþLQ\� r+t, r−t, a r. (Rovnice
WDNRYêFK�JHRGHWLN�S�L�Y\QHFKiQt�UR]P�U$�VSRMHQêFK�V�θ a ϕ�WRWLå�MVRX��r=|k.t+C|, kde k�XUþXMH
VHY�HQê�~KHO���D� WtP�SiGHP�L� W\S�JHRGHWLN\���=D�DSOLNDFL� W]Y��3HQURVHRY\�NRQIRUPQt�PHWRG\
P$åHPH�SRYDåRYDW�QDS���XåLWt�IXQNFH�DUFWJ��QD�DUJXPHQW\�r+t, r−t, r���S�LþHPå�WDWR�IXQNFH�MDN
známo, zobrazí interval ( )−∞ ∞,  na interval ( )− π π2 2, .

1\Qt�]DYHGHPH� W]Y��QXORYp�.UXVNDORY\�VRX�DGQLFH� ( )�, �u v �� �UR]P�U\�VSRMHQp�V�θ a ϕ není

W�HED�WUDQVIRUPRYDW��SUR�H[WUpPQt�6FKZDU]VFKLOGRYX���GH�6LWWHURYX�PHWULNX�
1HMSUYH�]DYHGHPH�PRGLILNRYDQRX��ÄåHOYt³��VRX�DGQLFL� r*  vztahem:

( )r
dr

r

M

r M
M

r M

r M

* ln= =
−

+ +
−

⌠
⌡ Φ

9

3
2

6

3

2

                                 (56)

GiOH�VRX�DGQLFH�
u t r

v t r

= −

= +

*

*

Aplikujeme „Penroseovu konformní metodu“ transformací:

� arccotg

� arctg

u
u

v
v

= − −





= 





δ

δ
kde

( )δ = − − <M 3 2 2 0ln

0HWULND�Y�W�FKWR�QRYêFK�VRX�DGQLFtFK� ( )�, �u v je:

( )( ) ( )ds
M r

r M r M

v u
dudv r d d2

2

2

2

2 2

2 2 2 2

27

6 3
= −

+ −
+ +δ θ θ ϕ

cos �sin �
� � sin                    (57)
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$þNROLY�����QHQt�SUR�r=3M�VSRMLWi��PHWULND�QHQt�VLQJXOiUQt��SURWRåH�

( ) ( ) ( )
lim

cos �
lim

sin �r M r M

r M

v

r M

u

M

→ →

−
=

−
=

3

2

2 3

2

2

2 2

2

3 3 18

δ

.RQIRUPQt�GLDJUDP�H[WUpPQtKR�6FKZDU]VFKLOGRYD���GH�6LWWHURYD� �HãHQt�P$åHPH�YLG�W�QD
2EU�� ������D�� D� ������E��� 9� S�tSDG�� D�� MVRX� ]DNUHVOHQ\� þiU\� r=konst��� Y� S�tSDG�� E�� t=konst.,
VLQJXODULWD� MH� VWDQGDUGQ�� ]Qi]RUQ�QD� YOQRYNRX�� 6RX�DGQLFH� ( )�, �u v  se nazývají nulové

.UXVNDORY\�VRX�DGQLFH��SURWRåH�QXORYp��VY�WHOQp��JHRGHWLN\�MVRX�V�QLPL�URYQRE�åQp��9�QDãHP
S�tSDG��MVRX� ( )�, �u v �URYQRE�åQp�V�~VHþNDPL�]Qi]RU�XMtFtPL�KRUL]RQW\�r=3M.

9LGtPH�� åH� H[WUpPQt� 6FKZDU]VFKLOGRYR� �� GH� 6LWWHURYR� �HãHQt� � Pi� ]DMtPDYRX� WRSRORJLL�
Skládá se z periodicky se opakujících oblastí r>3M a r<3M, jakýchsi opakujících se
ÄYHVPtU$³�� 6SRMHQt� PH]L� QLPL� MH� YãDN� ]�HMP�� SUR� VY�WHOQp� D� þDVXSRGREQp� SR]RURYDWHOH
QHPRåQp��%OtåH�VL�YODVWQRVWt�WpWR�PHWULN\�YãLPQHPH�Y�VRXYLVORVWL�V��HãHQtP�URYQLFH�JHRGHWLN\�



29

r → ∞

r M> 3 r M> 3r M> 3

r M< 3 r M< 3

r = 0r = 0

I+

I−

�u �v

Obr. 2.3.2.a)

r → ∞

r M> 3

r M< 3 r M< 3
r = 0r = 0

I+

I−

Obr. 2.3.2.b)
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3.   Metodika

�����1XPHULFNp��HãHQt�URYQLFH�JHRGHWLN\�SUR�þDVXSRGREQp�SR]RURYDWHOH�YH�
6FKZDU]VFKLOGRY��PHWULFH�(XOHURYRX�MHGQRNURNRYRX�PHWRGRX

��������9êSRþHW�&KULVWRIIHORYêFK�V\PERO$�D�VHVWDYHQt�URYQLF

3�LSRPH�PH�VL�QHMSUYH�GHILQLFL�&KULVWRIIHORYêFK�V\PERO$�SRPRFt�PHWULFNpKR�WHQ]RUX�

Γρσ
µ µα ρσ

α
αρ
σ

σα
ρ

∂
∂

∂
∂

∂
∂

= − + +








1

2
g

g

x

g

x

g

x
                                 (58)

a Schwarzschildovu metriku:

g

M

r

M

r

r

r

αβ

θ

=

− −





−





























−

1
2

0 0 0

0 1
2

0 0

0 0 0

0 0 0

1

2

2 2sin

                        (59)

%XGHPH�XYDåRYDW�WDNWR��0HWULFNê�WHQ]RU�Pi�SRX]H�GLDJRQiOQt�VORåN\��þLOL�SODWt�

g
g

αα

αα

= 1

7\WR�MVRX�]iYLVOp�QD�VRX�DGQLFtFK�r a θ��S�LþHPå�LQGH[\�RGSRYtGDMt�VRX�DGQLFtP�SRGOH�
x t

x r

x

x

0

1

2

3

=

=

=

=

θ

ϕ
-HOLNRå�MH�FHOi�VLWXDFH�VW�HGRY��V\PHWULFNi��þiVWLFH�VH�EXGH�SRK\ERYDW�Y�URYLQ���=iYLVORVWL

na θ�VH�]EDYtPH�WDN��åH�SRORåtPH�θ=π/2=konst��=iURYH��WtP��tNiPH��åH�VORåND�þW\�U\FKORVWL�U2

=0.
3UR�VHVWDYHQt�URYQLFH�JHRGHWLN\�EXGHPH�SRW�HERYDW�MHQ�W\�&KULVWRIIHORY\�V\PERO\��MHMLFKå

LQGH[\� EXGRX� U$]Qp� RG� ���1DMtW� MH�P$åHPH� EX�� WDN�� åH� ]NRXãtPH� SRGOH� GHILQLFH� ���� U$]Qp
NRPELQDFH�LQGH[$��QHER�VHVWDYtPH�Y�SURJUDPRYDFtP�MD]\NX�NUiWNê�DOJRULWPXV��NWHUê�QiP�S�L
zadaných nenulových g

g

x
αβ

αβ
δ

∂
∂

 a �S�tVOXãQp�NRPELQDFH�LQGH[$�Y\KOHGi�
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9�NDåGpP�S�tSDG��REGUåtPH�
Γ Γ

Γ

Γ

Γ

Γ Γ

10
0

01
0

00

00

00
1

11

00

11
1

11

11

33
1

11

33

13
3

31
3

33

33

1

2

1

2

1

2

1

2

1

2

= =

= −

=

= −

= =

g

dg

dr

g

dg

dr

g

dg

dr

g

dg

dr

g

dg

dr

                                            (60)

3URYHGHPH�OL�~SUDY\�QD]QDþHQp�Y������GRVWiYiPH�NRQHþQ���

( )

Γ Γ

Γ

Γ Γ

Γ

Γ Γ

10
0

01
0

2

00
1

2

11
1

01
0

2

33
1

13
3

31
3

1

1
2

1
2

1

1
2

2

1

= =
−





= −





= − = −
−





= − −

= =

M

r M

r

M

r

M

r

M

r M

r

r M

r

                                      (61)

Rovnice geodetiky pak vyplývají ze (61):

d x

d

dx

d

dx

d

d x

d

dx

d

dx

d

dx

d

dx

d

dx

d

dx

d

d x

d

dx

d

dx

d

2 0

2 01
0

0 1

2 1

2 00
1

0 0

11
1

1 1

33
1

3 3

2 3

2 13
3

1 3

2 0

0

2 0

τ τ τ

τ τ τ τ τ τ τ

τ τ τ

+ =

+ + + =

+ =

Γ

Γ Γ Γ

Γ

                            (62)

kde τ �MH�YODVWQt�þDV���HãtPH�SUR�þDVXSRGREQp�SR]RURYDWHOH��
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3.1.2.   Algor itmizace v jazyku C

9\XåLMHPH�REHFQp�(XOHURY\�MHGQRNURNRYp�PHWRG\�N��HãHQt�GLIHUHQFLiOQtFK�URYQLF��S�LþHPå
URYQLFH�JHRGHWLN\�UR]ORåtPH�Y�VRXVWDYX�SRGOH�

dx

d
u

α
α

τ
=

3RPRFt�(XOHURY\�PHWRG\�S�L�NURNX�h�QH]iYLVOH�SURP�QQp�R]QDþtPH�
( ) ( )du

d

u h u

hh

n n
α α α

τ
τ τ

=
+ −

→

+lim
0

1

UHNXUHQWQt�Y]WDK\�SUR�QXPHULFNê�YêSRþHW�WHG\�MVRX�
u u h u u

x x hu

n n n n

n n n

+

+ +

= −

= +
1

1 1

α α
βδ
α β δ

α α α

Γ

1D� WRPWR� ]iNODG��P$åHPH� ]H� ]QDORVWL� SRþiWHþQtFK� SRGPtQHN� RGYtMHW� �HãHQt� GiO�� -VPH� VL
S�LWRP�VDPR]�HMP��Y�GRPL��åH�VH�GRSRXãWtPH�MLVWp�QXPHULFNp�FK\E\��NWHURX�P$åHPH�þiVWHþQ�
HOLPLQRYDW�VQtåHQtP�KRGQRW\�NURNX�h�]D�FHQX�]YêãHQt�VSRW�HE\�VWURMRYpKR�þDVX�

9ODVWQt�SURJUDP�SUR�QXPHULFNp��HãHQt�URYQLFH�JHRGHWLN\�SUR�6FKZDU]VFKLOGRYX�PHWULNX�E\O
Y\WYR�HQ�Y�SURJUDPRYDFtP�MD]\FH�%RUODQG�&���Y����ILUP\�%RUODQG�,QWHUQDWLRQDO�

$OJRULWPXV�MH�Y�SRGVWDW��SRSViQ�MLå�UHNXUHQWQtPL�Y]WDK\�D�YãHFKQ\�SRW�HEQp�LQIRUPDFH�MVRX
URYQ�å�GiQ\�

1D� ]iNODG�� SRþiWHþQtFK� SRGPtQHN� ]DGDQêFK� XåLYDWHOHP� �SRþiWHþQt� KRGQRW\� VRX�DGQLF� D
QDS���MHMLFK�GLIHUHQFLiO\��VH�VSRþtWDMt�YêFKR]t�KRGQRW\�þW\�U\FKORVWL�

u
x

g x x

α
α

αβ
α β

=

= −

∆
∆τ

∆τ ∆ ∆

1iVOHGQê� YêSRþHW� S�L� NURNX� h�� SRNUDþXMH� DXWRPDWLFN\�� .RQWURORX� MH� NRQVWDQWQt� KRGQRWD
QRUP\� þW\�U\FKORVWL� �g u uαβ

α β = −1�� SRGpO� FHOp� WUDMHNWRULH� D� QDS��� ]DFKRYiQt� PRPHQWX
hybnosti ( r u konst2 3 = .).

Výsledky numerické integrace jsou uvedeny v kapitole 4.1.
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3.2.NumeULFNp��HãHQt�URYQLFH�JHRGHWLN\�SUR�þiVWLFH�D�WDFK\RQ\
YH�6FKZDU]VFKLOGRY����GH�6LWWHURY��PHWULFH�SRPRFt�SURJUDPX�)DPXOXV
3.2.1. 9êSRþHW�&KULVWRIIHORYêFK�V\PERO$�D�VHVWDYHQt�URYQLF

([WUpPQt�6FKZDU]VFKLOGRYD���GH�6LWWHURYD�PHWULND�MH�URYQ�å�VIpULFN\�V\PHWULFNi��WDNåH
FR�VH�WêþH�SRVWXSX�RS�W�SRORåtPH�θ=π/2=konst���þtPå�RGSDGQRX�&KULVWRIIHORY\�V\PERO\��NGH
DOHVSR��MHGHQ�]�LQGH[$�EXGH�URYHQ���

7HQWR�S�tSDG�EXGHPH��HãLW�S�tPR�XåLWtP�QXORYêFK�.UXVNDORYêFK�VRX�DGQLF��]DYHGHQêFK
v kap. 2.3.2.

%XGH�YãDN�S�LUR]HQp��]DGDW�SRþiWHþQt�SRGPtQN\�Y�VRX�DGQLFtFK��t, r, θ, ϕ) a pak je teprve
S�HSRþtWDW� GR� VRX�DGQLF� � �, �u v,θ, ϕ). Transformace ( ) ( )t r u v, �, �→ � MH� GiQD� MDVQ�� Y]RUFL� Y� NDS�
�������9]RUFH�SUR�WUDQVIRUPDFL�VORåHN�þW\�U\FKORVWL�MH�QXWQp�Y\SRþtWDW��2]QDþPH�

dt

d
U

dr

d
U

du

d
U

dv

d
U

d

d
U

t r

τ τ

τ τ
ϕ
τ

= =

= = =

     

         
� �0 1 3

3RGOH�Y]RUFH�SUR�GHULYRYiQt�VORåHQêFK�IXQNFt�PiPH�
du

d

u

r
U

u

t
U

dv

d

v

r
U

v

t
Ur t r t� � � � � �

τ
∂
∂

∂
∂ τ

∂
∂

∂
∂

= + = +  a  

3URYHGHPH�OL�QD]QDþHQp�RSHUDFH��GRVWDQHPH�

du

d
U

U
U

u

dv

d
U

U
U

v

r
t

r
t

� �

τ δ
δ

τ δ
δ

= =
−

+
= =

+

+

0

2

1

2
Φ Φ a                          (63)

9�PHWULFNpP�WHQ]RUX�Y�.UXVNDORYêFK�VRX�DGQLFtFK�VH�YãDN�Y\VN\WXMH�L�S$YRGQt�SURP�QQi
r��NWHUi�MH�Q\Qt�IXQNFt�QRYêFK�VRX�DGQLF� �, �u v ��EXGH�W�HED�]MLVWLW�L�GHULYDFH� ∂

∂
∂
∂

r

u

r

v� �
 a . Funkce

( )r r u v= �, � � YãDN� QHQt� Y\MiG�LWHOQi� SRPRFt� HOHPHQWiUQtFK� IXQNFt�� 3�tVOXãQp� GHULYDFH� YãDN
P$åHPH�]MLVWLW�SRPRFt�LQYHU]QtFK�WUDQVIRUPDþQtFK�Y]WDK$�SUR�U r  z (1). Musí platit:

dr

d

r

u
U

r

v
U

τ
∂
∂

∂
∂

= +
� �

0 1

1HER�SRGOH�SUDYLGOD�SUR�GHULYRYiQt�VORåHQp�D�LQYHU]Qt�IXQNFH��.DåGRSiGQ��

U

u

U

v

U
r

u

u

v

v

r =
+

+
+

⇒ =
+

=
+Φ Φ Φ Φ( ) ( )

�

( )

�

( )δ
δ

δ
δ ∂

∂

δ
δ ∂

∂

δ
δ

2

0

2

1

2 2

2 2 2 2
       a   

r
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0$åHPH�RY��LW��åH�KRGQRWD�QRUP\�þW\�U\FKORVWL�Y�S$YRGQtFK� L�Y�QRYêFK�VRX�DGQLFtFK� � MH
VWHMQi��LQYDULDQWQt�YHOLþLQD��

1\Qt� S�LVWRXStPH� N� YêSRþWX� &KULVWRIIHORYêFK� V\PERO$�� � ,QGH[\� RGSRYtGDMt�
0 1 2 3≈ ≈ ≈ ≈�, �, ,u v   θ ϕ . Tvar metriky viz. kap. 2.3.2.

Γ Φ

Γ

Γ Φ

Γ

Γ Φ

Γ Φ

00
0

01

01

0

2

33
0

01

33

1

2 2 2

2

11
1

01

01

1

2

33
1

01

33

0

2 2 2

2

03
3

33

33

0

2

13
3

33

33

1

1

2
2

1

2

1

1

2
2

1

2

1

1

2

1

2

1

2

1

2

= =
+

−

= − = − +

= =
+

+

= − = − +

= = +

= =

g

g

x

d

dr

u

g

g

x
r

v v u

g

g

x

d

dr

v

v

g

g

x
r

u v u

g

g

x r

u

g

g

x r

∂
∂

δ
δ

∂
∂

δ
δ δ

∂
∂

δ
δ

∂
∂

δ
δ δ

∂
∂

δ
δ

∂
∂

( )
cotg �

( )
cos �sin �

( )
tg �

( )
cos �sin �

( )

 u

( )δ
δ

+ v2

                       (64)

Kde 
d

dr

Φ �MH�VORåHQRX�IXQNFt� ( )( )( )d

dr
r r u v

Φ * �, � ��Y\MiG�tPH�OL�SRPRFt�r, pak:

d

dr

Φ = −2 2

272 2

M

r

r

M

Ostatní Γβδ
α �MVRX�EX��QXOD��QHER�V\PHWULFNp�V�����

%XGHPH� XYDåRYDW� SRX]H� UDGLiOQt� JHRGHWLN\� �ϕ=konst���� -H� QXWQp� Y\MiG�LW� &KULVWRIIHORY\
V\PERO\�����Y�]DYHGHQêFK�VRX�DGQLFtFK� �, �u v ��.�WRPX�XåLMHPH�]QiPêFK�Y]WDK$�

1
1

1
12

2

2

2
+ = + =tg

cos
cotg

sin
x

x
x

x
   a   

3RGOH�]S$VREX�]DYHGHQt�.UXVNDORYêFK�VRX�DGQLF�Y�NDS���������SODWt�

δ
δ

δ δ
δ

δ+ = + =u

u

v

v

2

2

2

2sin � cos �
   a   

7DNåH�&KULVWRIIHORY\�V\PERO\�MVRX�
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Γ Φ

Γ Φ

00
0

2

11
1

2

2

1
2

2

1
2

= −

= +

δ

δ

d

dr u

d

dr v
v

sin �
cotg �

cos �
tg �

 u

Rovnice geodetiky pak jsou (τ�MH�Y�REHFQpP�S�tSDG��QRUPDOL]RYDQê�SDUDPHWU��
d u

d

du

d

du

d

d v

d

dv

d

dv

d

2

2 00
0

2

2 11
1

0

0

� � �

� � �

τ τ τ

τ τ τ

+ =

+ =

Γ

Γ
                                             (65)
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3.2.2.  Program Famulus a algor itmizace úlohy

$OJRULWPXV� E\O� Y\WYR�HQ� SRPRFt� SURJUDPX� )DPXOXV� Y���� &=�� 7HQWR� V\VWpP� Y� VRE�
]DKUQXMH�Q�NWHUp�S�HGHP�Y\WYR�HQp�IXQNFH�D�SURFHGXU\��NWHUp�P$åHPH�Y\XåtYDW��-HGQRX�]�QLFK
MH�QDS���PHWRGD�5XQJH�.XWWD�����iGX�V�DXWRPDWLFN\�YROHQêP�NURNHP�

ÒORKD� E\OD� �HãHQD� SUiY�� WRXWR� PHWRGRX� Y� NRPELQDFL� V� RE\þHMQRX� (XOHURYRX�� 2EHFQp
VFKpPD�PHWRG\�5XQJH�.XWWD�����iGX��Wpå�PRGLILNRYDQi�(XOHURYD�PHWRGD��MH�

( )
( )
( )
( )
( )

y y h k k k k

k f x y

k f x h y hk

k f x h y hk

k f x h y hk

n n

n n

n n

n n

n n

+ = + + + +

=

= + +

= + +

= + +

1
1
6 1 2 3 4

1

2
1
2

1
2 1

3
1
2

1
2 2

4 3

2 2

,

,

,

,

3UR� DXWRPDWLFNRX� YROEX� NURNX�� XåtYi� V\VWpP� )DPXOXV� MDNR� NOtþRYpKR� SDUDPHWUX� UR]GtO
PH]L�KRGQRWDPL�GRVDåHQêPL�MHGQtP�NURNHP�KRGQRW\�h�D�GY�PD�NURN\�KRGQRW\� 1

2h .

-DN� MLå� E\OR� ]PtQ�QR� Y� S�HGFKi]HMtFt� NDSLWROH�� IXQNFH� ( )r r u v= �, � � QHQt� Y\MiG�LWHOQi
SRPRFt� HOHPHQWiUQtFK� IXQNFt�� %�KHP� YêSRþWX� YãDN� DNWXiOQt� KRGQRWX� r znát musíme.
9\XåLMHPH�S�tPp�LWHUDþQt�PHWRG\�DSOLNRYDQRX�QD�URYQLFL�

( ) ( )v u
r v u r

− = − − =
2

2 0* *� �  tedy   (tg  +  cotg )δ

9tPH��åH�
r

M

r M
M

r M

r M

* ln=
−

+ +
−

9

3
2

6

3

2

                                        (66)

'iOH�]DYHGHPH�SUR��QXPHULFNê�YêSRþHW�YêKRGQp��R]QDþHQt�

p
r M

r

p
r

M

= −

=

3

3

*
*

a upravíme (1):
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9

3
2

6

3

1 2

3 3

1

2

3 3

2M

r M
r M

r M

r M

p
p

p

p

p

p
p

p

−
= − +

−

= +
+

=
+

+

*

*

*

ln

ln

ln

3RPRFt�S�tPp�LWHUDFH�
p

p
p

p

n

n

n

+ =
+

+

1

1

2

3 3
* ln

Tato metoda konverguje pro p* ≥ 1�� 9� F\NOX� SDN� SRþtWiPH� KRGQRW\� WDN� GORXKR�� GRNXG
UR]GtO�GYRX�QiVOHGXMtFtFK�MH�Y�Wãt��QHå�]YROHQi�S�HVQRVW�

9ãLPQ�PH� VL�� åH�PHWULND�� DQL�&KULVWRIIHORY\� V\PERO\� QHMVRX� SUR� r=3M spojité. V jejich
RNROt�GRFKi]t�N�GUDPDWLFNpPX�QiU$VWX�QXPHULFNp�FK\E\��QHER"�SRþtWDþ�]DRNURXKOXMH��=iURYH�
VH� ]PHQãXMH� L� KRGQRWD� NURNX� D� �HãHQt� QHQt�PRåQp� SURWiKQRXW� S�HV� KRUL]RQW��7HQWR� SUREOpP
P$åHPH��HãLW�QDS��� WDN��åH�Y�XUþLWp�Y]GiOHQRVWL�RG�KRUL]RQWX�ÄS�HSQHPH³��HãHQt�QD�(XOHURYX
PHWRGX��D�Y�SRGVWDW��WDN�OLQHiUQ��H[WUDSROXMHPH�S�HV�r=3M.

Výsledky uvádíme v kapitole 4.2.
-DNR�NRQWUROX�SRVWXSX�VWDQGDUGQ��]YROtPH�VOHGRYiQt�RGFK\OHN�RG�KRGQRW\�U Uα

α , která je

Y�QDãHP�S�tSDG��−��UHVS������SUR�þDVXSRGREQp�UHVS��SURVWRUXSRGREQp�SR]RURYDWHOH��
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4. Výsledky

4.1.1XPHULFNp��HãHQt�URYQLFH�JHRGHWLN\�SUR�þDVXSRGREQp�SR]RURYDWHOH�YH�
6FKZDU]VFKLOGRY��PHWULFH�(XOHURYRX�MHGQRNURNRYRX�PHWRGRX

8YHGHPH���]DMtPDYêFK�S�tSDG$�
Obr. 4.1.a)
3RX]H�SUR�NRQWUROX�SRþiWHþQtFK�SRGPtQHN�D� �SRP�UQ��]DMtPDYp�SRURYQiQt�VH�VNXWHþQRVWt

MVPH�]YROLOL�WHQWR�S�tSDG��6FKZDU]VFKLOGRYD�þHUQi�GtUD�Pi�KPRWQRVW�6OXQFH���������30 kg). Ve
vzdálenosti 1 AU (=1,496.1011� P�� QHFKiPH� REtKDW� WHVWRYDFt� þiVWLFL�� V� SRþiWHþQt� U\FKORVWt
v=29.77 km.s-1   XG�OHQRX�NROPR�QD�UDGLiOQt�VP�U�

-DNR�YêVOHGHN�VNXWHþQ��REGUåtPH�NUXKRYRX�RUELWX�V�GRERX�RE�KX��S�LEOLåQ��������������V�
tedy 1 rok.

Obr 4.1.b)
-DNR�G$ND]�WRKR��åH�]�KOHGLVND�YQ�MãtKR�SR]RURYDWHOH�þiVWLFH�QHGRViKQH�KRUL]RQWX��r=2M)

Y� NRQHþQpP�þDVH�� XYiGtPH� WHQWR� S�tNODG��+RUL]RQW� MH� ]Qi]RUQ�Q� NUXåQLFt�� þiVWLFH� VH� EOtåt� Y
UDGLiOQtP�VP�UX�VWiOH�SRPDOHML��Då�VH�QDNRQHF�WpP���Ä]DVWDYt³�

Obr 4.1.c)
ýHUQi� GtUD� R� KPRWQRVWL� QDãt� =HP�� �S�LEOLåQ�� ����24� NJ�� MH� RS�W� ]Qi]RUQ�QD� ERGHP� D

6FKZDU]VFKLOGRYD� VIpUD� NUXåQLFt�� ýiVWLFL� YH� Y]GiOHQRVWL� ����� P� E\OD� XG�OHQD� ~QLNRYi
SRþiWHþQt�U\FKORVW�NROPR�QD�UDGLiOQt�VP�U��-HMt�KRGQRWD�MH�MDN�]QiPR�

v
Gm

r
msp = ≈ −2

141456108 1, .

Obr. 4.1.d)
3�HGSRY��� � 275� VH� RG� 1HZWRQRYVNp� OLãt� QHM]�HWHOQ�ML� Y� REODVWL� ]KUXED� GR� ��

6FKZDU]VFKLOGRYêFK� SRORP�U$�� 6HWNiYiPH� VH� ]GH� V� QHX]DY�HQêPL� WUDMHNWRULHPL�� D� WHG\� V
GUiKDPL��NWHUp�Y�NODVLFNp�PHFKDQLFH�QHMVRX�S�tSXVWQp�

=GH�MH�]Qi]RUQ�QD�þHUQi�GtUD�L�V�KRUL]RQWHP�D�GUiKD�þiVWLFH��SRþiWHþQt�U\FKORVW�RS�W�NROPR
QD�UDGLiOQt�VP�U��

Obr. 4.1.e)
2EGREQi�VLWXDFH�MDNR�QD�2EU������G��V�WtP��åH�þiVWLFL�E\OD�XG�OHQD�NUXKRYi�U\FKORVW�V�PDORX

RGFK\ONRX��9\YLQH�VH�WDN�HOLSWLFNi�GUiKD�VH�VLOQ��VH�VWiþHMtFt�KODYQt�SRORRVRX�
Obr. 4.1.f)
=GH�XYiGtPH�NODVLFNê�S�tSDG�W]Y��VWiþHQt�KODYQt�SRORRV\�HOLSWLFNp�GUiK\��6WiþHQt�SUREtKi�YH

VP�UX�RE�KX�
2EGREQê� HIHNW� �L� NG\å�PQRKHP�PpQ�� SDWUQê��P$åHPH� SR]RURYDW� QDS��� X� SUYQt� SODQHW\

VOXQHþQt�VRXVWDY\���0HUNXUD��YL]��NDS����������
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Obr. 4.1.a)

Obr. 4.1.b)
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Obr. 4.1.c)

Obr. 4.1.d)
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Obr. 4.1.e)

Obr. 4.1.f)
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������1XPHULFNp��HãHQt�URYQLFH�JHRGHWLN\�SUR�þiVWLFH�D�WDFK\RQ\
  ve SchwarzschiOGRY����GH�6LWWHURY��PHWULFH�SRPRFt�SURJUDPX�)DPXOXV

8YHGHPH���UHSUH]HQWDWLYQtFK�S�tSDG$��9ãHFKQ\�E\O\��HãHQ\�PHWRGRX�5XQJH�.XWWD�����iGX�V
automaticky voleným krokem, v kombinaci s Eulerovou metodou ve vzdálenosti 0.2M od
horizontu.

6KU�PH� S�HKOHGQ�� VRXERU� SRþiWHþQtFK� SRGPtQHN� GR� WDEXON\�� MHGQRWOLYp� DVSHNW\� �HãHQt
UR]HEHUHPH�SR]G�ML���3RþiWHþQt�KRGQRW\�PDMt�LQGH[���GROH��

Obrázek t r U E U U U

M

M

M

M

M

M

M

M

M

t r

0 0

42 0 1 1 0 1

42 0 2 1 0 1

42 0 5 1 0 1

42 0 5 10 1 1

42 0 11 0 1 1

42 0 100 0 1 1

42 0 50 001 1 1

42 0 50 005 1 1

42 0 28 02 1 1

=

−
− −
− −
− −
− −
− −

α
α

. .

. .

. .

. .

. .

. .

. . .

. . .

. . , .

a)

b)

c)

d)

e)

f)

g)

h)

i)
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r → ∞

r M> 3 r M> 3r M> 3

r M< 3

r M< 3

I+

I−

r = 0r = 0

Obr. 4.2.a)

r → ∞

r M> 3 r M> 3r M> 3

r M< 3
r M< 3

I+

I−

r = 0r = 0

Obr. 4.2.b)

r → ∞

r M> 3 r M> 3r M> 3

r M< 3

r M< 3

I+

I−

r = 0r = 0

Obr. 4.2.c)
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r → ∞

r M> 3 r M> 3r M> 3

r M< 3 r M< 3

I+

I−

r = 0r = 0

Obr. 4.2.d)

r → ∞

r M> 3 r M> 3r M> 3

r M< 3
r M< 3

I+

I−

r = 0r = 0

Obr. 4.2.e)

r → ∞

r M> 3 r M> 3r M> 3

r M< 3

r M< 3

I+

I−

r = 0r = 0

4.2.f)
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r → ∞

r M> 3 r M> 3r M> 3

r M< 3

r M< 3

I+

I−

r = 0r = 0

Obr. 4.2.g)

r → ∞

r M> 3 r M> 3r M> 3

r M< 3

r M< 3

I+

I−

r = 0r = 0

Obr. 4.2.h)

r → ∞

r M> 3 r M> 3r M> 3

r M< 3 r M< 3

I+

I−

r = 0r = 0

Obr. 4.2.i)
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5. =iY�U�D�GLVkuse

&tOHP� S�HGNOiGDQp� SUiFH�� E\OR� SRFKRSLW� FKRYiQt� þiVWLF� D� WDFK\RQ$� Y� SURVWRURþDVHFK
SRSLVXMtFtFK� þHUQp� GtU\� D� VIpULFNp� REMHNW\� Y� LQIODþQtP� PRGHOX� YHVPtUX�� 7UDMHNWRULH� MVPH
]tVNDOL� QXPHULFNêP� �HãHQtP� URYQLFH� JHRGHWLN\� SUR� S�tSDG� H[WUpPQt� 6FKZDU]VFKLOGRY\� �� GH
6LWWHURY\� PHWULN\�� 9ãLPQ�PH� VL� EOtåH� Q�NWHUêFK� DVSHNW$� ]tVNDQêFK� �HãHQt� SUR
SURVWRUXSRGREQp� D� þDVRYp�JHRGHWLN\��1XORYp�JHRGHWLN\� MVRX� �MDN� E\OR� �HþHQR� Y� NDS�� �������
URYQRE�åQp�VH�VRX�DGQêPL�RVDPL� � �u v a  a jejich trajektorie v konformním diagramu jsou proto
]�HMPp�

'$OHåLWRX�YHOLþLQRX� MHGQR]QDþQ��RG� VHEH�RGOLãXMtFt�YODVWQRVWL� JHRGHWLN� MH�Y� DV\PSWRWLFN\
SORFKpP�SURVWRURþDVH�ÄHQHUJLH³�P��HQi�Y]GiOHQêP�SR]RURYDWHOHP�Y�QHNRQHþQX�

ýDVRYi�VORåND�þW\�K\EQRVWL�MH��m0 je klidová hmota):

p mU m
dt

d

t0
0 0= =

τ
                                                (67)

3RGOH������D�SRURYQiQtP�V�URYQLFt��JHRGHWLN\�SUR�VORåNX�t�SDN�R]QDþtPH�
dt

d

E

τ
=

Φ
                                                        (68)

9�S�tSDG��Λ=0 má E�Yê]QDP�HQHUJLH�þiVWLFH�P��HQp�SR]RURYDWHOHP�Y�QHNRQHþQX��3UR�Λ≠0
MLå�WDNRYi�S�tPRþDUi�LQWHUSUHWDFH�QHQt�PRåQi��YHOLþLQD�E je ovšem i nadále integrálem pohybu
D�O]H�Mt�SURWR�SRXåtW�NH�NODVLILNDFL�JHRGHWLN�YH�VWXGRYDQêFK�SURVWRURþDVHFK�

Nejprve si všimneme prostorupodobných geodetik (U Uα
α = 1). Takové geodetiky jsou

VLFH� ÄQHI\]LNiOQt³�� DOH�Y� MLVWpP� VP\VOX�P$åH� WRWR� �HãHQt� SRVORXåLW� MDNR�PDWHPDWLFNi� VRQGD�
RGKDOXMtFt�Q�NWHUp�JOREiOQt�YODVWQRVWL�GDQp�PHWULN\�

-DN� MH�SDWUQR� MLå�]�NRQIRUPQtKR�GLDJUDPX� �NDS����������2EU��������D���RSDNXMtFt� VH�REODVWL
r>3M a r<3M jsou „spojeny“ dohromady horizonty r=3M�� 0RåQRVW� ÄSUROpWQRXW³� W�PLWR
REODVWPL�PDMt�SRX]H�WDFK\RQ\��9LGtPH��åH�WDN�VH�FKRYDMt�YãHFKQ\�WDFK\RQ\�QD�2EU������D��Då
4.2.d).

Pro KPRWQp� þiVWLFH� �þDVXSRGREQp� SR]RURYDWHOH� (U Uα
α = −1�� UR]OLãtPH� GYD� Yê]QDþQp

S�tSDG\�
1)  ( )E U t= =0 0 

7HQWR� S�tSDG� MH� ]Qi]RUQ�Q� QD� REUi]FtFK� ����H�� D� ����I��� 7LWR� SR]RURYDWHOp� YH� VYpP
NRQHþQpP� YODVWQtP� þDVH� QLNG\� QHGRViKQRX� KRUL]RQWX� r=3M.  Odlétají do bodu I+ , tedy
þDVRYpKR�QHNRQHþQD�EXGRXFQRVWL�

2)  ( )E U t≠ ≠0 0 

7\WR� S�tSDG\� MVRX� ]Qi]RUQ�Q\� REUi]N\� ����J�� Då� ����L��� � ýDVXSRGREQt� SR]RURYDWHOp
Y\SXãW�Qt� ]D� W�FKWR� SRGPtQHN� YH� VYpP� NRQHþQpP� þDVH� QHY\KQXWHOQ�� S�HNURþt� KRUL]RQW
r M= 3 ��MVRX�OL�Y\SXãW�QL�]� r M0 3> ) a dosáhnou singularity (r ���NGH�NRQþt�VYRX�H[LVWHQFL�
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6.  Resumé

2Y��LOL� MVPH�� åH� JHRGHWLFN\� ~SOQi� YDULHWD� H[WUpPQtKR� 6FKZDU]VFKLOGRYD� �� GH� 6LWWHURYD
�HãHQt�REVDKXMH�QHNRQHþQ��PQRKR�RSDNXMtFtFK�VH�ÄYHVPtU$³��NWHUp� MVRX�QDY]iMHP�SURSRMHQ\
KRUL]RQW\�Y�ÄSURVWRURYpP³�VP�UX�D�MVRX�WDN�S�tVWXSQp�SRX]H�WDFK\RQ$P��'iOH�MVPH�]MLVWLOL��åH
H[LVWXMt� GYD� Yê]QDþQp� W\S\� þDVXSRGREQêFK� SR]RURYDWHO$� E E= ≠0 0 a  (viz. kapitola 5)
MHMLFKå�FKRYiQt�Y�WpWR�PHWULFH�MH�]FHOD�RGOLãQp�

9� SURVWRURþDVH� SURWR� H[LVWXMt� DV\PSWRWLFNp� REODVWL�� NWHUp� VH� Y� NRQIRUPQtP� GLDJUDPX
]REUD]t�YåG\�GR�MHGLQpKR�ERGX��� I+ .

6WXGRYDQp� SURVWRURþDV\� D� FKRYiQt� JHRGHWLN� Y� QLFK� PRKRX� VORXåLW� MDNR� S�tVS�YHN� N
SRFKRSHQt�JOREiOQt� VWUXNWXU\� ÄH[WUpPQtFK³� � �HãHQt� Y� LQIODþQtFK�PRGHOHFK� YHVPtUX�� 3�HVWRåH
SUiFH�Pi�YêUD]Q��WHRUHWLFNê�FKDUDNWHU��PRKRX�]NRXPDQi��HãHQt�VORXåLW�QHMHQ�MDNR�ÄWHVWRYDFt
PRGHO\³� SUR� QXPHULFNRX� UHODWLYLWX�� DOH� PRKRX� RGKDOLW� L� Q�NWHUp� REHFQp� U\V\� �HãHQt
(LQVWHLQRYêFK�URYQLF�JUDYLWDþQtKR�SROH�V�NODGQRX�NRVPRORJLFNRX�NRQVWDQWRX��9�WRPWR�VP\VOX
MH�SURWR�S�tVS�YNHP�NH�VWXGLX�UDQêFK�Ii]t�YêYRMH�QDãHKR�YHVPtUX�
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